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Abstract 



The projective representation of groups was introduced in 1904 by Issai 
Schur (1875-1941) in his paper [S]. It differs from the normal representation 
of groups (introduced by his tutor Ferdinand Georg Frobenius (1849-1917) at 
the suggestion of Richard Dedekind (1831-1916)) by a twisting factor, which 
we cah Schur function in this paper and which is cahed sometimes multiphers 
or normalized factor set in the literature (other names are also used). It starts 
with a group T and a Schur function / for T. This is a scalar valued function 
on r X r satisfying the conditions /(1, 1) = 1 and 

|/(s, t)| = 1 , /(r, s)f(rs, t) = f{r, st)f{s, t) 

for all r, s, t G T. The projective representation of T twisted by / is a unital 

C*-subalgebra of the C*-algebra CQP'{T)) of operators on the Hilbert space 

P{T). This representation can be used in order to construct many examples of 

C*-algebras (see e.g. [CI] Chapter 7). By replacing the scalars IR or (D with 

an arbitrary unital (real or complex) C*-algebra E the field of applications is 

enhanced in an essential way. In this case t^iT) is replaced by the Hilbert right 

E^-module E E f{T) and C{f{T)) is replaced by Ce{E P{T)), the 
teT 

C*-algebra of adjointable operators of C{E P{T)). The projective represen- 
tation of groups, which we present in this paper, has some similarities with the 
construction of cross products with discrete groups. It opens the way to create 
many K-theories. 
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In a first section we introduce some results which are needed for this con- 
struction, which is developed in the second section. In the third section we 
present examples of C*-algebras obtained by this method. Examples of a spe- 
cial kind (the Clifford algebras) are presented in the last section. 
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Notation and Terminology 



Throughout this paper we use the following notation: T is a group, 1 is 
its neutral element, K := l'^{T), Ik '■= idx '■= identity map of K, E is 
a unital C*-algebra (resp. a W*-algebra), 1_e is its unit, E denotes the 
set E endowed with its canonical structure of a Hilbert right £'-module 
([CI] Proposition 5.6.1.5), 

H:=E®K^ Q)E, {resp. H := E^K ^ ([) E) 

([C3] Proposition 2.1, (resp. [C3] Corollary 2.2)). In some examples, in 
which T is additive, 1 will be replaced by 0. 



The map 

Ce{E) — > E, u I — > { uIe I ) = uIe 
is an isomorphism of C*-algebras with inverse 

E — > Ce{E), XI — >x - . 

We identify E with Ce{E) using these isomorphisms. 
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In general we use the notation of [CI]. For tensor products of C*-algebras we 

use [W] , for W*-tensor products of W*-algebras we use [T] , for tensor products 
of Hilbert right C* -modules we use [L], and for the exterior W*-tensor products 
of selfdual Hilbert right VF*-modules we use [C2] and [C3]. 

In the sequel we give a list of notation used in this paper. 

1) IK denotes the field of real numbers (:= IR) or the field of complex numbers 
(:= <D). In general the C*-algebras will be complex or real. H denotes 
the field of quaternions, I>f denotes the set of natural numbers (0 ^ IN), 
and for every n G IN U {0} we put 

]Nn:={mGlN| m<n} . 

Z denotes the group of integers and for every n G IN we put Zn := 
Z /(nZ) . 

2) For every set A, ^(^) denotes the set of subsets of A, ^/(^) the set of 
finite subsets of A, and Card A denotes the cardinal number of A. If / 
is a function defined on A and B is a subset of A then f\B denotes the 
restriction of / to 5. 

3) If A, B are sets then A^ denotes the set of maps of B in A. 

4) For all i,j we denote by 5i^j Kronecker's symbol: 

_ r 1 if i = i 
'■^ ■ \ if i / j ■ 

5) If A^ B are topological spaces then C{A^ B) denotes the set of continuous 
maps of A into B. If yl is locally compact space and E \s a, C*-algebra 
then C{A, E) (resp. Cq{A, E)) denotes the C*-algebra of continuous maps 
A^ E, which are bounded (resp. which converge to at the infinity). 

6) For every set / and for every J C / we denote by ej := Cj the character- 
istic function of J i.e. the function on / equal to 1 on J and equal to 
on 7 \ J. For i e I we put := {Sij)j^i G 

7) If F is an additive group and 5 is a set then 

F(^^ := {xeF^ \ {seS \ Xs^Ojis finite } . 
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8) If E, F are vector spaces in duality then Ep denotes the vector space E 
endowed with the locally convex topology of pointwise convergence on F, 
i.e. with the weak topology a{E,F). 

9) If £^ is a normed vector space then E' denotes its dual and denotes 
its unit ball: 

E* :={x £ E \ \\x\\ < 1} . 

Moreover if E is an ordered Banach space then E-^- denotes the convex 
cone of its positive elements. If E has a unique predual (up to isomor- 
phisms), then we denote by E this predual and so by E^ the vector space 
E endowed with the locally convex topology of pointwise convergence on 
E. 

10) The expressions of the form "... C*-... (resp. ... W*-...)", which appear 
often in this paper, will be replaced by expressions of the form "... C**- 

11) If F is a unital C*-algebra and A is a subset of F then we denote hy Ip 
the unit of F, by Pr F the set of orthogonal projections of F, by 

A'^ := {x e F \ y e xy = yx} , Re F := { x e F \ x = x* } , 

and by Un F the set of unitary elements of F. If F is a real C*-algebra 

o 

then F denotes its complexification. 

12) If F is a C*-algebra then we denote for every n e IN by the C*- 
algebra of n x n matrices with entries in F. If T is finite then Ft^t has a 
corresponding signification. 

13) Let F be a C*-algebra and H, K Hilbert right F-modulcs. We denote by 
Cf{H,K) the Banach subspace of C{H,K) of adjointable operators, by 
1h the identity map H ^ H which belongs to 

jCpiH) ■.= Cf{H,H) . 

For {^,ri) e H X K we put 

and denote by )Cf{H) the closed vector subspace of Cf{H) generated by 
{'?(-U)l ^,V^H}. 
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14) Let F be a W*-algebra and H, K Hilbert right F-modules. We put for 
a G -F and ij) e H x K, 



and denote hyH the closed vector subspace of the dual H' of H generated 

by 

and by H the closed vector subspace of Cf{H, K)' generated by 
{ (i^) I {a,i,vi) e F X H X k] . 

If H is selfdual then H is the predual of Cf{H) ([CI] Theorem 5.6.3.5 
b)) and H is the predual of H ([CI] Proposition 5.6.3.3). Moreover a 
map defined on F is called W*-eontinuous if it is continuous on Fp,. If 
G is a W*-algebra a C*-homomorphism ip : F ^ G \s called a W*- 
homomorphism if the map if : Fp — )■ Gq is continuous; in this case (p 
denotes the pretranspose of if. 

15) If F is a C**-algebra and {Hi)i^i a family of Hilbert right F-modules 
then we put 



the family \ is summable in F 



respectively 

w 



(DHi:=\ ^ellHi 



the family is summable in Fp > . 



16) denotes the algebraic tensor product of vector spaces. 

17) If F, G are W*-algebras and H (resp. K) is a selfdual Hilbert right F- 
module (resp. G-module) then we denote by H^K the W*-tensor product 
of H and K, which is a selfdual Hilbert right module ([C2] Definition 
2.3). 

18) denotes isomorphic. 
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If T is finite then (by [CI] Theorem 5.6.6.1 f)) 

Ce{H) = Et,t = IKt,t ®e = k:e{h) . 

1 Preliminaries 

1.1 Schur functions 

DEFINITION 1.1.1 A Schur E-function for T is a map 

f -.TxT — yUnE" 

such that /(1, 1) = 1e and 

f{r,s)f{rs,t) = f{r,st)f{s,t) 

for all r,s,t G T. We denote by F{T,E) the set of Schur E-functions for T 
and put 

j,T^UnE\ t^f{t,t-^r, 
f -.TxT ^UnE\ {s,t)^ f{t-\s-^) 
for every f G F{T,E). 

Schur functions are also called normalized factor set or multiplier or two- 
co-cyclc (for T with values in Un E^) in the literature. We present in this 
subsection only some elementary properties (which will be used in the sequel) 
in order to fix the notation and the terminology. By the way, Un E^ can be 
replaced in this subsection by an arbitrary commutative multiplicative group. 

PROPOSITION 1.1.2 Let f G T{T,E). 
a) For every t E T, 

f{t,l)=f{ht) = lE, f{t,t-') = f{t-\t), f{t)=f{t-^). 
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b) For all s,teT, 

fis, t)fis) = fis-\str , f{s, t)m = fist, t-') 



a) Putting s = 1 in the equation of / we obtain 

f{r,l)f{r,t) = f{r,t)f{l,t) 

so 

/(r,l)=/(l,0 

for all r,t eT. Hence 

/(i,l) = /(l,i) = /(l,l) = l^;. 

Putting r = t and s = in the equation of / we get 

f{t,t-')f{l,t) = fit,l)f{t-\t). 

By the above, 

f{t,t-') = fit~\t), fit) = fit-'). 

b) Putting r = in the equation of /, by a), 

fis, t)fis-\ St) = fis-\ s)fil,t) = fis)* , 

fis,t)fis) = fis-\st)* . 
Putting now t = s~' in the equation of /, by a) again, 

fir, s)firs, s-') = fir, 5"^) = />)* , 

fir, s)fis) = firs, s-')* , fis, = fist, t'^)* 

DEFINITION 1.1.3 We put 

AiT,E) :={X:T ^UnE^l A(l) = l^} 

and 

\:T — yUnE", t ^ Xit'^) , 
5\:T xT ^UnE" , (s, ^ A(s)A(t)A(si)* 
for every A G A(r, 
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PROPOSITION 1.1.4 



a) J-'{T, E) is a subgroup of the commutative multiplicative group {Un E'^)'^^'^ 
such that f* is the inverse of f for every f G T{T, E) . 

b) f e T(T, E) for every f G F{T, E) and the map 

:f{t,e)^j^{t,e), f^f 

is an involutive group automorphism. 

c) A{T,E) is a subgroup of the commutative multiplicative group {Un E'^)'^ , 
SXe T{T, E) for every Xe A{T,E), and the map 

5 : A{T, E) F{T, E) , X^5X 

is a group homomorphism with kernel 

{ A G A(T, I A is a group homomorphism } 

such that 6X = 6X for every X G A{T,E). 

a) is obvious. 

b) For r,s,te T, 

f{r,s)f{rs,t) = f{s-\r-')f{t-\s-\-') = 

= f{t-\s-^)f{t-h-\r-') = f{r,st)f{s,t) , 
so / G T{T, E). For /, 5 G T{T, E), 

Tg{s,t) = {fg){t-\s-') = f{t-\s-')g{t-\s-') = f{s,t)g{s,t) = {fg){s,t), 

fa = fg , 

f*{s,t) = f{s,tr = f{t-\ s-'r = f*{t-\ s-') = ns,t) , ar = r ■ 

c) For r,s,te T, 

SX{r,s)5X{rs,t) = X{r)X{s)X{rsyX{rs)X{t)X{rst)* = X{r)X{s)X{t)X{rst)* , 
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SX{r,st)dX{s,t) = X{r)Xist)X{rst)*X{s)X{t)X{st)* = X{r)X{s)X{t)X{rst)* 
so SX e J^{T, E). For A, /x G F{T, E) and s,t€T, 

SX{s,t)6n{s,t) = X{s)X{t)X{styfi{s)fi{t)n{sty = 

= (A/x)(s)(A/i)(t)(A/x)(st)* = S{Xfi){s,t) , 
{dX){dp,)=6{Xti), 
6X*{s,t) = X*{s)X*{t)X{st) = {SX{s,t))* = iSX)*{s,t) , 6X* = (SX)* , 
so 5 is a group homomorphism. The other assertions are obvious. 

PROPOSITION 1.1.5 Let t £T, m,n £ Z, and f £ J'{T,E). 



a) /(i™,r) = /(r,n- 
c) We define 



m—l \ /ra—1 

n /r+^t) n f{t\tr]. 

J=0 J \k=l 



X-.Z^UnE^, ni 



n-l 

n f{p,tr if neiN 

— n 



Ift^^l for every p eJN then 

fit"", r) = A(m)A(n)A(m + n)* 

for all m,n e Z . 

a) We may assume m G IN because otherwise we can replace t by t~^. P 

P{m,n) ■.^f{t^,t^) = f{t^,t^), 
Q{m) :<^=^ P{m,n) holds for all n € Z . 



Prom 



f{t"',t''-"')f{f\t"') = f{t"',t'')f{f'-"',t"') 
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it follows 

P{m, n) <;=^ P{m, n — m) <;=^ P{m, n — km) 

for all A; G Z . 

We prove the assertion by induction. P(m, 0) follows from Proposition 11.1.2] 
a). By the above 

P(1,0) ^P(1,A:) 
for ah A; G Z. Thus Q{1) holds. 

Assume Q{p) holds for all p G INm_i. Then P{m,p) holds for all p G 
INm_i U {0}. Let n G Z . There is a /c G Z such that 

p-- n- km£ INm-i U {0} . 

By the above P{m,n) holds. Thus Q{m) holds and this finishes the inductive 
proof. 

b) We prove the formula by induction with respect to m. By a), the formula 
holds for 171 = 1. Assume the formula holds for an m G IN. Since 

we get by a), 

f{t"'+\n = f{t"',e+')f{t,nf{t^,tr = 

' m— 1 \ / m— 1 \ 

i=o J \k=i J 

n/(*"^''*) n • 

^j=0 / \k=l ) 

Thus the formula holds also for m + 1. 

c) If m, n G IN then by b), 

A(m)A(n)A(m + n)* = 

(m— 1 \ / n— 1 \ / m+71— 1 

n n n 
fc=i / \j=\ j \ j=i 
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'm-1 \ /m-1 \ 

J=0 J \k=l J 

If m, n E IN, n < m — 1 then by b), 

A(m)A(— n)A(m — n)* = 

' m—l \ I ^ \ I m--n—l 

n n n 

m— 1 \ /m—l \ 

n fit'^^'^t) n ^(*''*)* = /(*"'*~") • 

,J=0 ) \k=l J 

If m, ?i S IN, n > m then by b), 

A(m)A(— n)A(m — n)* = 

(m—l \ / " \ I 

n n n 
k=i / \j=i / \j=i 

n \ /m—l \ 

i j=n— m+l / \ fc=l / 

For ah m, n E IN put 

Rim, n) /(t"'", t"") = A(-m)A(-n)A(-m - n)* . 

By the above and by Proposition 11.1.2] a).b). 

A(-i)A(-i)A(-2)* = f{r\t)f{t-\tY = fit-'rf{t,t-y = f{t-\t-') 

so R{1, 1) holds. Let now m, n G IN and assume R{m,n) holds. Then 
A(— m)A(— n — 1)A(— m — n — 1)* = 

)/ n+l \ / m+n+l 

n n 
\j=i j \ i=i 

so R{m, n) =^ R{m, n+l). By symmetry and a), R{m, n) holds for all m,n € IN. 
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COROLLARY 1.1.6 The map 

A{Z,E) ^ T{Z,E), X^6X 
is a surjective group homomorphism with kernel 

{ A G A{7.,E) I n G Z ^ A(n) = A(l)"} 



By Proposition 11.1.^ c). only the surjectivity of the above map has to be 
proved and this follows from Proposition 1 1 . 1 . 51 c) . I 



1.2 ^-C*-algebras 

By replacing the scalars with the unital C*-algebra E we restrict the cate- 
gory of C*-algebras to the subcategory of those C*-algebras which are connected 
in a certain way with E. The category of unital C*-algebras is replaced by the 
category of i?-C*-algebras, while the general category of C*-algebras is replaced 
by the category of adapted E^-modules. 

DEFINITION 1.2.1 We call in this paper £;-module a C*-algehra F en- 
dowed with the bilinear maps 

E X F — > F, (a, x) I — > ax , 

F X E — > F, {x, a) I — > xa 
such that for all a, /3 G E and x,y G F, 

{a/3)x = a{f3x) , a{x/3) = {ax)/3 , x{a/3) = {xa)/3 , 

a{xy) = {ax)y , {xy)a = x{ya) , a £ E'^ ax = xa , 

(ax)* = x*a* , (xa)* = a*x* , Iex = xIe = x . 

If F,G are E-modules then a C* -homomorphism ip : F ^ G is called iiJ-linear 
if for all {a,x) e E x F, 

ip{ax) = a{(px) , ip{xa) = {ipx)a . 
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For all {a, x) e E x F, 

||ax||^ = ||x*a*ax|| < ||x||^ ; II^ckII^ = ||a*x*XQ;|| < ||q;||^ ||x||^ 

so 

||ax|| < ||a|| ||a;|| , < ||a|| • 

DEFINITION 1.2.2 An £;-C**-algebra is a unital C**-algebra F for which 
E is a canonical unital C**-subalgebra such that E*^ defined with respect to E 

coincides with E'^ defined with respect to F i.e. for every x G E, if xy = yx for 
all y E E then xy = yx for all y E F. Every closed ideal of an E-C*-algebra is 
canonically an E-module. 

Let F,G be E-C**-algebras. A map : F — > G is called an E-C**- 
homomorphism if it is an E-linear C**-homomorphism . If in addition ip 
is a C*-isomorphism then we say that </? is an £?-C*-isomorphism and we 
use in this case the notation ^e- A C**-subalgebra Fq of F is called E-C**- 
subalgebra of F if E c Fq. 

With the notation of the above Definition (a — ipa)ipx = for all a e E 
and X e F. Thus (p is unital iS tpa = a for every a e E. The example 

IK — ^ IK X K, x< — > {x,0) 

shows that an £^-C*-homomorphism need not be unital. 

If we put T := { z G <D I \z\ = 1},E:= C(T,<D), and 

a; :T — z< — > z 

and if we denote by A the Lebesgue measure on T then L°°(A) is an E-C*- 
algebra, x G Un E, and x is homotopic to 1e in Un L°°(A) but not in 
UnC(I,(D). 

DEFINITION 1.2.3 We denote by (Le (resp. by the category of E-C*- 
algebras for which the morphisms are the E-C*-homomorphisms (resp. the 
unital E-C*-homovnorphisms) . 

PROPOSITION 1.2.4 Let F be an E-module. 
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a) We denote by F the vector space E x F endowed with the bilinear map 
{E X F) X {E X F) ^ E X F, ((a, x), {P, y)) ^ {a/3, ay + xl3 + xy) 
and with the conjugate linear map 

ExF — >ExF, (a,x)i — >{a*,x*). 
F is an involutive unital algebra with (1b, 0) as unit. 

b) The maps 

TT : F — > E , (a, x) i — a , 

X:E — > F, a I — > {a,0) , 

i-.F — >F, x\ — ^(0,x) 

are involutive algebra homomorphisms such that tt o X is the identity 
map of E, A and t are injective, and A and vr are unital. If there is a 
norm on F with respect to which it is a C*-algebra (in which case such 
a norm is unique), then we call F adapted. We denote by QJlg the 
category of adapted E-modules for which the morphism are the E-linear 
C*-homomorphisms. 

c) If F is adapted then F is an E-C*-algebra by using canonically the injec- 
tion A and for all a ^ E and x E F, 

\\a\\ < \\ia,x)\\ < \\a\\ + , ||(0,x)|| = < 2||(a,x)|| , 

||(a,0)(0,a;)|| < ||a|| ||x|| , ||(0, 0)|| < ||x|| ||a|| . 
In particular F (identified with i{F)) is a closed ideal of F. 

d) If E and F are C*-subalgebras of a C*-algebra G in such a way that the 
structure of E-module of F is inherited from G then 

if : F — > E X G , {cx,x)\ — >{a,a + x) 

is an injective involutive algebra homomorphism, f{F) is closed, F is 
adapted, and for all a E E and x E F, 

= sup{||a|| , ||a + x||} . 

In particular every closed ideal of an E-C*-algebra is adapted and is 
a full subcategory of TIe. 
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e) A closed ideal G of an adapted E -module F, which is at the same time 
an E-submodule of F, is adapted. 

f) If F is unital then it is adapted and 

F — ^ (a, a;) I — )■ sup{||a|| , HalF + a;||} 

is the C*-norm of F. 
9) If 

lim \\ay — ya\\ = 

for all a G E^, where ^ denotes the canonical approximate unit of F, 
then F is adapted and 

F — > IR+, (a,x) I — > sup < ||q;|| , lim sup \\ay + x|| > 

is the C*-norm of F. In particular F is adapted if E is commutative, 
h) If F is an adapted E-module then (with the notation of h)) 

— > F ^ P-^E — y 

is a split exact sequence in the category ^JIe- 

a) and b) are easy to see. 

c) Since A and l are injective and , 

7r(a, x) = a , (a, x) = (a, 0) + (0, x) , 

{a, 0) (0, x) = (0, ax) , {0, x) (a, 0) = (0, xa) 

wc get the first and the last two inequalities as well as the identity ||(0, = 
||x||. It follows 

||(0,a;)|| < ||(a,a;)|| + ||(a,0)|| = ||(a,a;)|| + ||A7r(a, < 

<||(a,x)|| + ||(«,x)||=2||(a,x)|| . 
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d) It is easy to see that </? is an injective involutive algebra homomorphism. 
Let {a,x) G (p{F)- There are sequences (Q;n)neiN and (x„)„g]N in E and F, 
respectively, such that 

lim an + Xn) = (a, x) . 

n— >oo 

It follows 

a = lim an & E , x — a = lim Xn & F , (a, x) = (p{a, x — a) E ^piF) . 

n— ^-oo n— ^-oo 

Thus ^{F) is closed, which proves the assertion by pulling back the norm of 
ExG. 

e) By c), F is a closed ideal of F so G is a closed ideal of F (use an 
approximate unit of F). Since G is an F-submodule of F its structure of E- 
module is inherited from F. By d), G is adapted. 



f) The map 



F — y E X F, {a,x)\ — )-{a,alF + x) 



is an isomorphism of involutive algebras and so we can pull back the norm of 
E xF. 



g) It is easy to see that the above map is a norm. Since 

sup{||a|| , ^ ||x||} < ||(a,x)|| < ||a|| + ||a;|| 

for all (a, x) e ExF, F endowed with this norm is complete. For (a, x) e ExF, 
{a, x)*{a, x) = {a* a, a*x + x*a + x*x) , 
\\{a, x)*{a, x)\\ = sup{||a;||^ , lim sup ||Q;*ay + a*x + x*a + a;*a;||} . 



2/, 5 



For y e F*, 



{ay^ + x)*{ay^ + x) — {a*ay + a*x + x*a + x*x] 



< 



< 



12 a a — a ay"^ 



+ 



pa*x — a*x 



+ 



x ay2 — X a 
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so 



lim 



{ay^ + x)*{ay^ + x) — {a*ay + a*x + x*a + x*x) 



. 



Since the map — > F+, y ^ y2 maps 5 into itself and 

\\ay + x\\^ = ||ya*ay + j/Q;*a; + x*ay + a;*a;|| 
we have by the above, 



(Q;,a;)||^ = sup < ||q;||^ , limsup 



ay^ + X 



sup<||q!|| , limsup {ay^ + x)*{ay^ + x) 



sup{||q;|| , limsup ||Q;*Q;y + a*x + x*a + x*x\\ 



: \\{a,xy{a,x)\\ . 
Thus the above norm is a C*-norm and F is adapted. 

h) L is an injective £^-C*-homomorphism and its image is equal to Ker tt.I 



COROLLARY 1.2.5 Let F an E -module, G a C*-algebra, and^a the spatial 
tensor product. 

a) F^rjG is in a natural way an E-module the multiplication being given by 

a{x <Si y) = (ax) ®y, {x® y)a = {xa) (8) y 

for all a E E, X E F , and y E G. 

b) If F is an E-C*-algebra and G is unital then the map 

E — > Fi^^G, a I — >■ a (g) 1g 

is an injective C*-homomorphism. In particular, the E-module F®(^G is 
an E-C*-algebra. 

c) If F is an adapted E-module then the E-module F G is adapted and 

\\{a,z)\\ = sup{||q;|| , \\a + z\\} 
for all {a,z)EEx{F®„G). 
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d) If F is an adapted E-module and G := Cq{Q) for a locally compact space 
O then Co{0,,F) is adapted and 

||(a,x)|| = sup{||a|| , \\aen + 

for all {a,x) £ E x Co{Q,F). 

a) and b) are easy to see. 

c) If G denotes the unitization of G then by b), F 0^ G is an i?-C*-algebra 
and F (8)0- G is a closed ideal of it, so the assertion follows from Proposition 
[rza]d),e). 

d) follows from c). I 

PROPOSITION 1.2.6 

a) If F,G are E-modules and ip : F ^ G is an E-linear C*-homomorphism 
then the map 

ip : F — > G , {a, x) 1 — > {a, (px) 

is an involutive unital algebra homomorphism, injective or surjective if (f 
is so. If F = G and if (f is the identity map then (p is also the identity 
map. 

h) Let Fi,F2,F3 be E-modules and let p : Fi ^ F2 and ip : F2 ^ F3 be 
E-linear C*-homomorphisms. Then o p = -ili o ip. I 

PROPOSITION 1.2.7 Let G be an E-module, F an E-submodule ofG which 
is at the same time an ideal of G, and (p : G ^ G/F the quotient map. 

a) G/F has a natural structure of E-module and p is E-linear. 

b) If G is adapted then G/F is also adapted. Moreover if ip : G ^ G/F 
denotes the quotient map (where F is identified to {(0,x)| x £ F}) then 

there is an E-C*-isomorphism 9 : G/F — )• G/F such that ip = 9 o (p. 
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a) is easy to see. 

b) Let {a,z) G G/F and let x,y £V {z). Then ^{a,x) = ip{a,y) and we 
put 9{a,z) := ip{a,x). It is straightforward to show that 9 is an isomorphism 
of involutive algebras. By pulling back the norm of G/F with respect to 6 we 
see that G/F is adapted. I 



LEMMA 1.2.8 Let {(Fj)jg/, be an inductive system in the cate- 

gory of C*-algehras, {F,{Lpi)i^i} its inductive limit, G a C*-algebra, for ev- 
ery i £ I, : Fi ^ G a C*-homomorphism such that ipj o ipj^ = ip^ for 
all i,j G I,i < j, and tp : F ^ G the resulting C*-homomorphism. If 
Ker ipi C Ker ipi for every i £ I then ip is injective. 



Let i G I. Since Kenpi C Keripi is obvious, we have Keripi = Keripi. Let 
p : Fi ^ Fi/ Keripi be the quotient map and 

if', : F,/Ker i/j^ ^ F , ip[: F^/Ker i>i ^ G 

the injective C*-homomorphisms with 

V9i = 93 • O /) , ^ . = o p . 

Then 

For X G Fi, since ip'^ and (p[ are norm-preserving, 

\\px\\ = Wtp'^pxW = < = \\px\\ , 

llV'V'jxIl = llV'V'i/oa;!! = \\(p'ipx\\ = \\ipix\\ . 

Thus ip preserves the norms on Uiiznpi{Fi). Since this set is dense in F, ip is 
injective. I 



PROPOSITION 1.2.9 Let {{Fi)i^i, {ipij)ij^i} be an inductive system in the 
category DJIe and let (F, {ipi)i^j) be its inductive limit in the category of E- 
modules (Proposition II. 2 !4l c)). 



a) F is adapted. 
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b) Let [G, be the inductive limit in the category of the inductive 

system {(Fj)jg/, ((^jj)jjg/} (Proposition I1.2.6] a).b)) and let il) : G ^ F 
he the unital C*-homomorphism such that ip o ip^ = (pi for every i £ I . 
Then ip is an E-C*-isomorphism. 



a) Put 

Fq := i^[a,x) £ F \ a £ E, X £ [Jy?i(Fi) | , 

p ■■ Fo — ^ ]R+ , (a,x) I — > inf { ||(a,Xj)|| | i £ I, Xi £ Fi, LpiXi = x] . 

Fq is an involutive unital subalgebra of F. p is a norm and by Proposition II .2.41 
c), 

q{a,x) := lim p{a,y) 

exists and 

||o|| < Q^ct^x) < \\a\\ + ||x|| , ||x|| < 2q{a,x) 
for every (q, x) £ F. 

Let (a,x) £ Fq. Let further i £ I, Xi,yi £ Fi with ipiXi = x, ipiyi = 
a*x + x*a + x*x. Then 

{0,LPi{a*Xi + x*a + x*Xi - yi)) = (pi{{a,Xi)*{a,Xi) - {a*a,yi)) = 

so 

inf \\ipji{a*Xi + x*a + x*Xi - yi)\\ = . 
For e > there is a j G /, i < j, with 

\\ipji{a*Xi + x*a + x*Xi - yi)\\ < e . 

We get 

p{a,xf < \\{a,ipjiXi)f = \\{a,ipjiXiy{a,ipjiXi)\\ = 
= \\{a*a,a*ipjiXi + {ipjiX*)a + ipji{x*Xi))\\ = 
= \\{a*a,ipji{a*Xi + x*a + x*Xi))\\ < 
< \\{a*a,ipjiyi)\\ + \\{0,ipji{a*Xi + x*a + x*Xi - yi))\\ < \\{a*a,ipjiyi)\\ +e . 
By taking the infimum on the right side it follows, since e is arbitrary, 

p{a, x)^ < p{a*a, a*x + x*a + x*x) = p{{a, x)*{a, x)) 
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and this shows that p is a C*-norm. It is easy to see that g is a C*-norms. 
By the above inequaUties, F endowed with the norm q is complete, i.e. -F is a 
C*-algebra and F is adapted. 

b) Let i G / and let (0,2;) G Keripi. Then 

= (pi{a,x) = {a,ipix) 

so 

a = 0, ipiX = , inf = , 

||(^jj(0,x)|| = ||(0,V3jiX)|| = W^PjixW , 

\\ipi{a,x)\\ = inf ||(^jj(0,x)|| =0, (q,x) G Keri/ji . 
By Lemma ll.2.8l V is injective. 

Let {/3, y) G F and let e > 0. There are i £ I and x £ Fi with W^piX — y\\ < e. 
Then 

V'V'j(/?, x) = (pi{l3, x) = {13, (pix) , 
- {/3,y)\\ = \\ipi{f3,x) - (/3,y)|| = \\ipiX - y\\ < e . 
Thus ip{G) is dense in F and is surjective. Hence ip is a C*-isomorphism. I 

COROLLARY 1.2.10 We put ^e{F) := F for every E-module F and simi- 
larly ^Eif) '■= 'f for every E-linear C*-homomorphism ip. 

a) is a covariant functor from the category DJIe in the category (t^. 

b) The categories £g and ^JXe possess inductive limits and the functor ^e 
is continuous with respect to the inductive limits. 

a) follows from Proposition 11.2.61 

b) follows from Proposition 1 1 . 2 . 9l I 

Remark. The category ^e does not possess inductive limits in general. This 
happens for instance if (pij = for all i,j £ /. 
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1.3 Some topologies 



T is only a set in this subsection 



If the group T is infinite then different topologies play a certain role in the 
construction of the projective representations of T. It will be shown that all 
these topologies conduct to the same construction, but the use of them simplifies 
the manipulations. 

We introduce the following notation in order to unify the cases of C*- 
algebras and (resp. W*-algebras) . 



DEFINITION 1.3.1 

~ ^ w 

0:=0 (resp.0:= 0), 

(8) := (8) (resp. (8) := (8) ) , 

. ^ E 

Y.'-=J2 (resp. ^:=^). 

If % is a Hausdorff topology on Ce{H) then for every Q C Ce{H), Qi denotes 

% 

the set Q endowed with the relative topology T and Q denotes the closure of Q 

% 

in Ce{H)%- Moreover ^ denotes the sum with respect to %. 



LEMMA 1.3.2 For x e E, by the above identification of E with Ce{E), 

is well-defined and belongs to Ce{H). 
a) The map 

If : E — > Ce{H) , x\ — )■ x®Ik 
is an injective unital C*-homomorphism. 
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b) Assume E is a W*-algebra. Then for every {a,^,r]) E E x H x H, the 
family {^tO'Vt)teT is summable in Ee and for every x E E, 



ipx, {a,^,ri) \ = ( x,^(,ta 77^ 



Thus if is a W*-homomorphism ([CI] Theorem 5.6.3.5 d)) with 



E 



where (p denotes the pretranspose of cp. 

c) If we consider E as a canonical unital C**-subalgebra of Ce{H) by using 
the embedding of a) then Ce{H) is an E-C**-algebra. 

a) follows from [L] page 37 (resp. [C3] Proposition 1.4). 

b) We have 




= ^{v*txit,a) = ^{x,^tar]l) . 




Thus the family (^^ ariDt^T is summable in Ee and 




If if' : jCe{H) E' denotes the transpose of if then 



E 



By continuity (p' j Ce{H) 1 C E and </? is a unital W*-homomorphism. 
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c) Let xeE" and ^,77 G Ce{H). By [CI] Proposition 5.6.3.17 d), 

< {x®Ik)^ I r/) = Y,4{{x®lK)0t = Y.'^lxit = 

teT teT 

= ^xrilit = x^-nt^t = x{^\ri) . 
teT teT 

Thus for u^Ce{H), 

( u{x®lK)i I ^7 ) = ( {x(^lK)i I u*v) =x{i \ u*r] ) = x {u^\ rj) , 

u{xiS>Ik) = {x'SiIk)u, 
and so x'SiIr € Ce{HY. I 

DEFINITION 1.3.3 We put for all & H (resp. and a G E+) 

p^,r,:CE{H)^m,+ , X^\\{X^\rj)\\, 
(resp. p^,ri,a : Ce{H) IR+ , X ^ \ { { X^\ r]) , a) \) , 
p^ : Ce{H) ^ IR+, \\XC\\ = \\{XC\ XOII'/' , 

(resp. : jCe{H) ^ IR+ , X^{{X^\XO , a)'/') , 
q^:£.EiH)^m,+ , X^p^{X*), 
(resp. q^,a : Ce{H) ^ IR+ , X ^ Pc,a(X*)) • 

and denote, respectively, by 'Xi,'X2,T3 the topologies on Ce{H) generated by 
the set of seminorms 

{ P^,r, I i,-n^H} , (^resp. I p^^r,,a \ ^, ?7 G -ff, a G ^+ | j , 
{Pi \ ^^H] , (^resp. I p^^a I e G a G }) , 

(resp. { U e i7, a G £;+ } U { U G iJ, a G £;+ }) . 
Moreover \\-\\ denotes the norm topology on jCe{H). 
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Of course T2 C T3. In the C*-case, %2 is the topology of pointwise conver- 
gence. If E is finite-dimensional then the C*-case and the W*-case coincide. 



PROPOSITION 1.3.4 Let X e Ce{H) and ^,ri e H (resp. and aeE). 

a) P^,n{X) = Pnd^*) (resp. p^,r,,\a\{X) = 

b) p^,r,{X)<p^{X)M. 

c) If E is a W*-algebra and a = x\a\ is the polar representation of a then 

= (a,e,r/))| <p^,,|„|(X)((r? r,) , |a|)^/^ . 



d) IfY,ZeCE{H) then 

Pi,vO^XZ) = PZ(,Y''ri{X) (resp. P^,^,\a\ (YXZ) = Pz^,Y*r,,\a\ {X)) , 

pdYXZ) < \\Y\\pz^{X) (resp.p^,|„|(FXZ) < ||y|b^^,|„|(X)) . 
a) Prom 

{XC\n) = {^\X*r,) = {X*r,\0* 

it follows 

paX) = \\{X(\r^)\\ = \\{X*r^\0\\=Pv,dX*), 
(resp. Pi,r,,ia\iX) = I ( ( X*r/ U) , |a| ) I = P,,5,|„|(X*)) . 

h)pax) = \\{xc\v)\\<Pdx)M- 

c) We have 

Pix,v,\a\ {X) = \{{ Xi^x) I ,^ ) , |a| ) I = I ( ( I ?? ) .X , |a| ) I = 

= \{{XC\n) ,x\a\)\ = \{{XC\v) ,a)\ = \(x, {^v) 
By Schwarz' inequality ([CI] Proposition 2.3.3.9), 

I ( ( X{Cx) \v) ,\a\)\'<{{ Xi^x) I Xi^x) ) , |a| ) ( ( ,7 k ) , |a| ) , 
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so 

^?^a;,7?,|a|(^) < \{X){{r,\v),\a\)'/' . 

d) The first equation follows from 

p^YXZ) = \\{YXZar,)\\ = \\{XZaY*r,)\\ = Pzi,Y*,{X) 

(resp. p^^^^\a\{YXZ) = \{{ YXZ^ \rj) ,\a\)\ = 

= \{{XZC\Y*n) ,\a\)\=pz^,Y*r,M(^)) 
and the second from 

pdYXZ) = WYXZa < \\Y\\ \\XZa = \\Y\\pz^{X) 

(resp. p^,\a\iYXZ) = ( ( YXZ^ \ YXZ^) , \a\ < 

< \\Y\\{{XZC\XZO , |a|)^/^ = ||y||pz«,|a|W) ■ ■ 

LEMMA 1.3.5 Let n G INT and (a;i)ig]N„ a family in E. Then 

We prove the relation by induction with respect to n. By [CI] Corollary 
4.2.2.4 and by the hypothesis of the induction, 




i6lNn-i i6lNn-i ielNfn 
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LEMMA 1.3.6 LetneTN,xe En,n, and for every j G INn put 

rij := ((5jil£;)i6]N„ G Q) E . 

Then 

\\x\\ < y/n sup \\xrij\\ . 



For ^ G ( Q) e\ , by Lemma[L331 



= n 

For i,j G IN„, 



X7; 



( I XV j ) = i^^j)iixr]j)i = 



XijXij , 



SO 



( I xC) < n X ^* ( xr/j I xr]j ) < n ^ W^Vj f < 

< n sup \\xr]jf V < n sup \\xrjjf 1e , 
jeff^n ie^n 

||x||^ < n sup ||xr/j||^ . 



COROLLARY 1.3.7 
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a) The map 

^e{H)i^ — )■ Ce{H)i^, X\ — > X* 
is continuous. In particular ReCE{H) is a closed set of Ce{H)'Ii- 
h) Ti C T2 C T3 C norm topology. 

c) If E is a W*-algehra then the identity map 

Ce{H)-^ Ce{H)^, 

is continuous so 

Ce{H)1=Ce{H)* 

is compact. 

d) For Y,Z £ Ce{II) and k £ {1, 2}, the map 

Ce{H).j^ Ce{H)^, , X ^ YXZ 

is continuous. 

e) Ce{H)%3 is complete in the C*-case. 

f) IfTis finite then T2 is the norm topology in the C*-case. 

g) K-E^H) is dense in Ce{II)%.^. 

a) follows from Proposition [T33] a). 

b) Ti C T2 follows from Proposition 11.3.41 b).c). T2 C T3 C norm topolo 
3 trivial. 

c) follows from Proposition 11.3.4] c) (and [CI] Theorem 5.6.3.5 a)). 

d) follows from Proposition 11.3.41 d) . 

e) Let 3^ be a Cauchy filter on Ce{II)i.^. Put 

Y:H^H, e^lim(XO, 

Z:H^H, e^lirn(X*e), 
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where the hmits are considered in the norm topology of H. For S^,r] G H, 
(ni r?) =lim(X^| 7?) =lim(e| X*r?) = (e| Zrj) , 

soY, Z £ Ce{H) and Z = Y* . Thus ^ converges to Y in Ce{H)%^ and Ce[H)%^ 
is complete. 

f) follows from b) and Lemma ll.3.61 

g) Let X e Ce{H) and i e H. For every 5 G q3/(T) put 

Ps :=5^e,(-| es)ePrJCEiH) 

and let 5t be the upper section filter or ^f{T). Then PsX £ ICe{H) for every 
S e^f{T) and 

hm PsXC = Xi 

J, At 

in H (resp. in Hjij) ([CI] Proposition 5.6.4.1 e) (resp. [CI] Proposition 5.6.4.6 
c))). Thus 

lim PsX = X 

with respect to the topology T2. Since the same holds for X* , it follows that 
X belongs to the closure of K,e{H) in Ce{H)i^. I 

Remark. The inclusions in b) can be strict as it is known from the case 
E := K. 

LEMMA 1.3.8 Let G he a W*-algebra and F a C*-subalgebra ofG. Then the 
following are equivalent. 

a) F generates G as a W*-algebra. 

b) F"^ is dense in G^. 

c) F is dense in Gq. 

a =^ h follows from [CI] Corollary 6.3.8.7. 
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b =^ c is trivial. 

c =^ a follows from [CI] Corollary 4.4.4.12 a). I 

PROPOSITION 1.3.9 Let G be a W*-algebra, F a C*-subalgebra of G gen- 
erating it as W*-algebra, I a set, and 

L:= O F, M:= OG. 

iel i&I 

a) M is the extension of L to a selfdual Hilbert right G-module ([C2] Propo- 
sition 1.3 f)) and is dense in M%. 

' ' M 

b) If we denote for every X G Cf{L) by X £ Cg{M) its unique extension 
([C3] Proposition 1.4 a)) then the map 

Cf{L) Cg{M), X^X 

is an injective C*-homomorphism and its image is dense in Cg{M)-. 

c) The map 

Cp{L)* ^ Cg{M)*, X^X 

is continuous. 

a) By Lemma 11.3.81 a ^ b, F^ is dense in so F'^ is dense in and 

G is the extension of F to a selfdual Hilbert right G-module ([C3] Corollary 
1.5 02 =^ oi). By [C3] Proposition 1.8, M is the extension of L to a selfdual 
Hilbert right G-module. By [C3] Corollary 1.5 ai =^ 02, -L* is dense in M"^^. 

b) By a) and [C3] Proposition 1.4 e), the map 

Cf{L)^Cg{M), X^X 

is an injective C*-homomorphism. By [C3] Proposition 1.9 b), its image is 
dense in Cg[M) -. 

c) Denote by N the vector subspace of M generated by 

I (a,^,r/) (a,C,??) G G X L X l| . 
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By a) and [C3] Proposition 1.9 a), is dense in M so by Corollary 11.3.71 c) 

Cg{M)*^ = Cg{M)* . 

For (a,^,r/) G 6+ x L x L and X £ CpiL), hy Proposition 11.3.41 c). 

p^,^,„(X) = |((Xe|r?>,a)| = 

= |((XC| r?) ,a)| <P5,,|,|(X)((r?| 7?) , |a|)^ , 
where a = rE|a| is the polar representation of a, so the map 

£f{L)1 ^ Cg{M)*, X^X 

is continuous. 

LEMMA 1.3.10 Lef re e IN, ^ G CD and 

ieiNn 

X := [Ci'5i,l]j,iG]Nn G En,n ■ 

Then \\x\\ = ||^||. 



For 7/ G -E and i G EvFn, 

{x-nl XT]) = { {xr])i I {x7])i ) = ^ ( I CiVi ) = rilCiiiVi 
ieiNn ieiNn ieiNn 



"<||Cf hif <||ef l|r/f , ||x||<||e|| 
On the other hand if we put C := ('^i,il£;)ie]Nn then for i G INn, 

iix|i>iixcii = iieii, ikii = iieii . 



2 * 
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LEMMA 1.3.11 Let F, G he unital C**-algehms, ip : F ^ G a surjective 
C**-homomorphism, I a set, 

L:=1^F KF®f{I), M ■.= '^G^G0l^{I), 
and for every ^ & L put ^ := {ip^i)iei- 



C') If ^ Li and x e F then 



h) For every rj E M there is a ^ E L with ^ = rj, \\^\\ = \\r]\\. 
c) In the W*-case the map 



is continuous. 



a) For J e «P/(/), 



It follows C G M, 



^ ll^ll v) = ^{ C \ v)- Moreover for i E I, 



{^x)i = (p{^x)i = ipi^ix) = {ip^i){ipx) = ii{(px), ix = i{(px) 



b) 



Case 77i/0}is finite 



For simplicity we assume { i G I \ r]i ^ 0} = INn for some n G IN. We put 

^ '■ Fn,n > Gn,n i [^ijJiJelNn ' ^ VP^ij\i,3&iii ■ 
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9 is obviously a surjective C*-homomorphism. So if we put 

y '■= ^ Gn,n , 

then there is an x G Fn^n with 6x = y, \\x\\ = \\y\\ ([K] Theorem 10.1.7). If we 
put 

^ ' \ if iG/\]Nn 

and z := [2;ij(5ji]ijg]N„ G -Fn,n then 

6*2 = [v?(xijJji)]ije]Nn = [yii<^ii]ijeiNn = 2/ 

and by [CI] Theorem 5.6.6.1 a), ||z|| < ||x||. We get for i G E^n, 

ii = f^i = 'PXii = yn = rji . 

By a) and Lemma ll.S.lO^ 



U\\ = \\z\\ < \\x\\ = \\y\\ = \\ri\\ 



<m\ , m\ = M ■ 



Case 2 ij arbitrary in the W*-case 



We may assume ||??|| = 1. We put for every J G 

By Case 1, for every J G ^fil) there is a .^j G L with = rjj and ||^j|| = 
II r/j II < 1. Let 5^ be an ultrafilter on ^/(/) finer than the upper section filter of 
^f{I). By [CI] Proposition 5.6.3.3 a^h, 

C:=hmO 

exists in Ly. For i £ I, 



so ^ = 77. By a), 1 = \\r]\\ 



<m\<i, so iieii = iir?ii 
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Case 3 rj arbitrary in the C*-case 



We put for every J G ^/ (/) and every C G M 
Cj:I^G, 



Ci if ie J 
if i£l\J ■ 



Moreover we denote by the upper section filter of ^/(/), set 

Mo := { C e M \ {i e I \ Ci ^ 0} is finite} , 
and denote by M the vector subspace of /Cg(M) generated by the set 

{Ci(-| C2) I Ci,C2GMo} . 



Let Q be the vector subspace of }Cf{L) generated by the set 

{a(-| ^) I a,l5eL} . 

Q is an involutive subalgebra of 1Cf{L)- Let (ag)ggQ, {l3q)q^Q be finite famihes 
in L such that 

^a,(-|/3,)=0. 

Let further a' ,P' G Mq. By Case 1, there are a, P & L with a = a' , P = P' and 
we get by a), 



a \ = { ag \ a ) P' \ Pq 



^{aq\a)(^P 



It follows ([CI] Proposition 5.6.4.1 e)) 



a 
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Thus the hnear map 

qeQ qeQ 

is well-defined and it is easy to see (by a)) that i/j is an involutive algebra 
homomor phism . 



Step 1 IIV'II < 1; we extend ^/J by continuity to a map : K,f{L) — )• K,g{M) 
Let 

and let C, G M*. By Case 1, there is an a G L# with a = By a), 



(V'^t)C = '^^q\^\ Pq) = Y1 {(^\ Pq) = ^0iq{0i\ Pq) =Ua, 

qeQ qeQ qeQ 

= ||ua|| < ll^iall < ll'^ll . 
Since Mq is dense in M ([CI] Proposition 5.6.4.1 e)), it follows 

IIV'^II < ll^^ll , IIV'II<1- 

Step 2 is dense in ICciM) 



Let a,l5 eM. By [CI] Proposition 5.6.4.1 e), 

a = lim aj, P = lim /3j 

J,di J,'Si 



so by [CI] Proposition 5.6.5.2 a), 



« ( • I ^ ) = lim "J ( • I ) > 



which proves the assertion. 



Step 3 is a surjective C*-homomorphism 
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By Step 1, -0 is a C*-homomorphism. Since its image contains M. (by Case 
1) it is surjective by Step 2. 



Step 4 The assertion 



Let j G /. By Step 3 and [K] Theorem 10.1.7 (and [CI] Proposition 5.6.5.2 
a)), there is a u G }Cf{L) with 



tpu = r]{- \ 1g <8) ) , \\u\\ = \\r]{- \ 1^ ej 



Prom 



ip{u{{lF (8) Sj) ( • I If <8 ))) = (r/ ( • I 1g <8) ej ))((1g ® ej) ( • | 1g <8 )) 

= r]{- \ Ic^ej) , 
||77|| = \\7]{-\1g0 ej)\\ < \\u{{1f ej) ( • | If €D e,- ))|| < 
<\\u\\\\{lF^ej){- \ lF^ej)\\ = \\u\\ = M , 
\\u{{lF(^ej){- \ lF^ej))\\ = M 
we see that we may assume 

u = u{{1f <8) Cj) ( • I If (g) ej )) . 

Then 

u = {u{If ^ ej)) ( • I If ^ ej) . 
If we put ^ := m(1f Cj) G L then u = ^ ( • | li? (gi ), ||?7|| = = ||^||, 

?7 ( • I 1g (8) Cj ) = V-ii = I ( • I 1g ej )) , 
rj = rj{lG<Si ej\ 1g <8) ) = | ( 1g <8) Cj | 1g <8) Cj ) = f . 



c) Let (a, ?7o) G G x M. By b), there is a € -^^ with = Vo- By a), for 



Co ) , a 



We put 



9:L^M, e 



and denote by 9' : AI' — t- L' its transpose. By the above, 9' (a, rjo) G L. Since 9' 
is continuous, 9'{M) C L and this proves the assertion. I 
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PROPOSITION 1.3.12 We use the notation of Lemma [LSlIl 



a) If X £ Cf{L) and i £ L with = then X^ = 0; we define 

X : M — > M, 7? I — > Xl, 
where S, £ L with ^ = ij (Lemma II. 3. 11 l b)). 

b) For every X G Cf{L), X belongs to Cg{M) and the map 

Cf{L)^Cg{M), X^X 

is a surjective C**-homomorphism continuous with respect to the topolo- 
gies Tfc with k G {1, 2, 3}. 

c) For S^,r] £ L, 
and 

}Cg{M) = I X X e }Cf{L) } . 

a) For i € I, cp^i = = so by Lemma 11.3.111 a) , 

f(JS) = (xT^Ci = {X^)^ii = . 

By [CI] Proposition 5.6.4.1 e) (resp. [CI] Proposition 5.6.4.6 c) and [CI] Propo- 
sition 5.6.3.4 c)), 



Xi = x(Y,e,iA =Y^X{eiii 



resp. Xi = X\Y, eiii \ = X{ei^i 
so by Lemma ri.3.11l a) (resp. c)), 



xe = 5]x(e,e*) = ^^(e.eo = o 

i&I iei 
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resp. Xi = Y, X(e,ii) = f^S) = 



V 



J 



b) For X,Y £ Cf{L) and C,r] £ L, by Lemma OH] a) 



i]} = ip{X^\ 7]) 



XYi = XYS, = X(Y£,) = {XY)S, = XY^ 



By Lemma [EMI] b), X G £g(M), (X)* = X* , and = XY, i.e. the map 
is a C*-homomorphism. 

For X £ Cp{L) and ^,,r] £ L (resp. and a G M+), by Lemma n.S.lll a). 



x^ 



x^ 



(resp. Pif^jX) 



Xi 



W{Xi\r^)\\<p^^^{X) 



= \{{Xi\ r]) , (pa)\= p^^r,,(pa{X)) , 

so by Lemma fl. 3.111 b). the map is continuous with respect to the topology Ti. 
The proof for the other topologies is similar. 

c) For C G L, by Lemma fl. 3. Ili a). 



r]{-\C)C={v{-\OK = r]{C\0 



so by Lemma fl. 3.111 b). 

( • U ) = ( • u 

The last assertion follows now from b). 



Ok 



39 



2 Main Part 



Throughout this section we fix / G T{T, E) 



2.1 The representations 

We present here the projective representation of the groups and its main 
properties. 

DEFINITION 2.1.1 We put for every teT and(eH, 

ut-.E^H, C^C^et, 
Vti-.T^E, fit, t-h)at-^s) . 

If we want to emphasize the role of / then we put V/ instead of Vf. For 
X e E, 

{xmK)Vt^ :T^E, f{t, t-h)x^{t-h) . 

PROPOSITION 2.1.2 Let s,t £ T, x £ E, C ^ E, and £ H . 

a) Vt^ G H. 

b) VsVt = {f{s,t)mK)Vsf 

c) VtiC^es) = {f{t,s)C)®ets. 

d) Vtix^lx) = {x®lK)Vt. 

e) Vt e Un Ce{H) , V* = {f{t)^lK)Vt-i . 

f) {x®\K)Vt{C ® es) = {fit, s)xC) ® ets. 

g) IfT is infinite and ^ denotes the filter on T of cofinite subsets, i.e. 

S:={S \ Se^iT), T\Se^f{T)} , 

then 

lirnVt = 

in CE{Hh^. 
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a) For R G %(r), 

reR refl 

SO G 

b) For r G T, 

= f{s,t)f{st,t-h-'r)^t-i,^i, = f{s,t){VstOr = {{f{s,t)0lK)VstOr 

SO 

VsVt = {f{s,t)^lK)Vst. 

c) For r G T, 

{VtiC » e,)), = /(t, V)(C ® e,)j-v = 
= <5,,t-v/(t, r V)C = Sr,tsf{t, s)C = ((/(t, s)C) ® et,), 

so 

^t(C®e,) = {f{t,s)0(^ets . 

d) We have 



SO 



Vtix0lK) = ix0lK)Vt . 

e) For T] £ H,hy Proposition 11.1.2] a).b). 
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reT 

SO Vt e Ce{H) with Vt* = {f{t)^lK)Vt-i. By b) and d), 

VtV* = Vt{f{t)^lK)Vt-i = {m^lK)VtVt-i = 

= {f{t)^lK){f{t,r^)^lK)Vu-i = idH . 

f) follows from c). 

g) Let us consider first the C*-case. Let ^,r] & H , t & T, and £ > 0. There 
is an S G ^f{T) such that ||?7e7-\5|| < e. By e), 

\{Vt^\veT\s)\<m\\heT\s\\<e\m 

so 

Pi,niyt) = \{Vt^\v)\<\{yt^\r]es)\ + \{Vt( \ r]eT\s ) \ < \ {Vt^\ r]es) \ + e . 
Prom 

{Vt^\ves) = ^V*sfit,t-h)^,-i, 
ses 

it follows 

lim {Vt^\ves)=0, limp^,^(Ft) = . 

The W*-case can be proved similarly. ■ 

Remark. By e), Ti cannot be replaced by T2 in g)- 

PROPOSITION 2.1.3 Let s,teT. 
a) ut^ Ce{E,H) , ul = { ■ \lE®et). 

h) U^Ut = Ss,tlE- 

c) Usul = - I et)es). 
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d) UrUr = 'i'd'H- 
reT 



a) FoT CeE and ^eH, 



(«tCU) = (C®etU) = EC(C®et), = ^;C = (CI6) 



so 



utejrE{E,H), u;^ = ^t = {^\lE^et) . 

b) For C e ^, by a), 

u*utC = (g) et) = ( C <X) et I 1b (g) Cs ) = 5s,tC 
so n*?/* = 6s,tlE- 

c) For C e and r € T, by a), 

■"s^t (C <^ = Us6r,tC = Sr,t{C ^ ^g) = 

= C <^ ( er I et)es = • | ) es)){C <8) e^) , 

so (by a) and [CI] Proposition 5.6.4.1 e) (resp. and [CI] Proposition 5.6.4.6 c), 
[CI] Proposition 5.6.3.4 c))) UsU^ = 1e§)(( • | et)es). 

d) For ^ G if (resp. and a G E+) and S G ^/(T), by c), 




1/2 






and the assertion follows. 
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PROPOSITION 2.1.4 Let s,t £T and x G E. 



a) VsUt = Ustf{s,t). 

b) KVt = f{t,t-h)u;_,^. 

c) {x(g)lK)ut = UtX. 

d) xul = uI{x®1k)- 

a) For C G -E, by Proposition [2X2] c) , 

VsUtQ = Vs{C® et) = (/(s, t)C) ® est = Ustf{s, t)C 
so VsUt = Ustf{s, t) . 

b) For £ E and r G T, by Proposition 12. 1 . 2] c) and Proposition 12. 1 .3] a) . 

u*MC er) = ul{{f{t,r)0 etr) = 6s,trf{t,r)C = 

= 5t-ls,rf{t, t-'s)C = fit, t-h)uU^{C er) 

SO ulVt = f{t,t~^s)ul_i^. 

c) For (e E, 

{x0lK)utC = {x0lK)iC (X" et) = (xC) 0et = utxC, 

so {x®lK)ut = UtX. 

d) follows from c). I 

DEFINITION 2.1.5 We put for all s,teT (Proposition ETS] a) ) 

cps,t : Ce{H) Ce{E) ^E, ulXut 
and set Xt := ^t,iX for every X G Ce{H). 

PROPOSITION 2.1.6 Let s,teT. 
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a) ips^t is linear with \\(ps,t\\ = 1- 

b) ForX G Ce{H) and x,yeE, 

{ {(ps,tX)x \ y) = { X{x 0et)\ y(g>es) . 

c) The map 

ips,t ■■ Ce{H)i^ — > E (resp. E^) 

is continuous. 

d) ipt^t is involutive and completely positive. 

e) For r £ T and x £ E, 

f) If {xrUr G E(^^ and 

X := '^{Xr^lxWr 

then 

ips,tX = f{st~^,t)Xst-l , Xt = Xt. 

g) For X G Ce{H) and x,y £ E, 

iPs,t{ix^lK)X{y0lK)) = x{ips,tX)y , 
{{x0lK)X{y^lK))t = xXty . 

a) follows from Proposition 12.1.3] a).b). 

b) We have 

( {ips,tX)x \y) = { u*Xutx \y) = { Xutx \ Usy) = { X{x <^ et)\ y <^ Cs) . 

The C*-case 
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By b), for X G Ce{H), 

ys,tX\\ = \\{{vs,tX)iE \ Ie)\\ = 

= II ( X{Ie ®et)\lE®es)\\= PlE<i!)et,lE®e, {X) 



The W*-case 

Let a £ E and let a = x\a\ be its polar representation. By b), for X e 

\{iPs,tX,a)\ = \{{iips,tX)lE\ 1e) , x\a\)\ = \{{{ips,tX)x\ Ie) , \a\)\ = 

= \{{ X{x (g)et)\ lE(^es) ,\a\)\= Pa;®et,lBC>5e„|a|(-'^) • 

d) For X e Ce{H), 

{ipt,txr = (uixutT = u;x*ut = mi^*) 

so ipt^t is involutive. For n E IN, X G {{CE{H))n^n) + -, and Q G E^, 



Ci ) = E ^ u^XijUtCj I Ci 



= E ^ ^ij^tCj I ^^tCi) > 

([CI] Theorem 5.6.6.1 f) and [CI] Theorem 5.6.1.11 ci C2) so </?t^t is com- 
pletely positive ([CI] Theorem 5.6.6.1 f) and [CI] Theorem 5.6.1.11 C2 =^ ci). 

e) By Proposition 12.1.41 a).d) and Proposition 12.1.5] b). 

<Ps,tii^^'^K)Vr) = U*g{x^lK)VrUt = XU*VrUt = XU*Urtfir,t) = 5s,rtfir,t)x . 

f) By e) (and Proposition [TTL2] a)), 

ips,tX = ^^^s,t{{Xr®'^K)Vr) = ds,rtf {r,t)Xr = f {st^^ , t)x gf-l , 
reT reT 
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Xt = ipt,iX = f{t, l)xt = xt 



g) By Proposition 12.1.41 c).d). 

ips,t{{x®lK)X{y(^lK)) = ul{x(^lK)X{y(^lK)ut ■ 
= xu*Xuty = x{(ps^tX)y . 

DEFINITION 2.1.7 We put 



Xa IMI 
5(/):=7^(/), 5||.||(/):=7^(/) . 

Moreover we put Sc{f) '■= <S{f) in the C*-case and Swif) '■= <S{f) in the 
W*-case. If F is a subset of E then we put 

S{f,F) ■.= {X€S{f) \ teT^XteF} 

and use similar notation for the other S. 

By Proposition I2.1.2] b).d).e). TZ{f) is an involutive unital -E-subalgebra of 
Ce{H) (with Vi as unit). In particular is an ii^-C*-subalgebra of Ce{H). 

If T is finite then 7^(/) = S{f). By Corollary 11.3.71 e). Sc{f)'Xs is complete. 



PROPOSITION 2.1.8 For X en{f) and s,teT, 

ips,tX = f{st-\t)X,t-i . 



Let 5^ be a filter on TZ{f) converging to X in the Ti-topology. By Proposition 
[2X6]c),f) (and Corollary [L321 d) ) , 

LPs,tX = liinips,tY = limf{st~^,t)Y,t-i = /(st"\t) limy^^-i = 
= f{st-\t)limip,t-i^^Y = f{st-\t)^,t-i^^X = f{st~\t)X,t-i . m 



47 



THEOREM 2.1.9 Let X en{f). 



a) If {xt)teT is a family in E such that 

X = Y,{xt®lK)Vt 

teT 

then Xt = Xt for every t €zT. In particular, ifT is finite then the map 
E^^Sif), x^Y.{xt(S)lK)Vt 

is bijective and E-linear (Proposition 12.1^ d)) . 

b) We have 

X = Y,{xmK)Vt e S{f) . 

teT 

c) {X*)t = f{t){Xt-i)* for every t £ T and 

X* = Y^iiXtT^iKW en{f) . 

d) s{f) =7^(/)=7^(/). 

e) For^eH and t G T, 

{XOt = Y.f{s,s-H)X,C,-H. 

f) IfT is finite and if we identify Ce{II) with Et,t then X is identified with 
the matrix 

[f{st-\t)X,i-i]s,teT, 

and for every r £ T, Vr is identified with the matrix 

[fist'^,t)5s,rt]s,t&T ■ 
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g) IfX,Ye S{f) andteT then XY G S{f) and 



(xy)t = ^/(s,rt)x,y,. 



- s-H ) 

seT 



iX*Y)t = ^fis, tyXlYst , {XY*)t = Y,f{t, sfXtsY: , 

= Y^x^Y, , {XY*)i = Y^^sY; . 

seT sGT 

h) The map 



E — >S{f), xi — >x®l 



K 

is an injective unital C**-homomorphism. and so S{f) is an E-C**-suhalge- 
hra of Ce{H) and ReS{f) is closed in S{f)%^. In the W*-case, Sw{f) 
is the W*-subalgebra of Ce{H) generated hylZ{f) andlZ{f)'^ is dense in 
'Sw{f)% = Swif)- , which is compact. 

i) If E is a W*-algehra then Sc{f ) may he identified canonically with a 
unital C*-suhalgehra of Sw{f ) by using the map of Proposition [T73^ b). 
By this identification Sc{f) generates Swif) as W*-algebra. 

j) If F is a closed ideal of E (resp. of E^ ) then S{f,F) is a closed ideal of 
S{f) (resp. ofS{f)^). 

S{f) 

k) If F is a unital C**-subalgebra of E such that f{s,t) E F for all s,t £ T 
then S{f,F) is a unital C**-suhalgehra of S{f) and the map 

5(/,F)^5(<7), X^Y.^XmK)Vt' 

is an injective C**-homomorphism, where 

g:TxT ^UnF\ (s,t) ^ f{s,t) . 
This map induces a -isomorphism i^) S\y]^\{g). 

o 
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a) By Proposition I2.1.6] c).e). 

seT sGT 



b&c&d 



Step 1X=Y: {XmK)Vt 



By Proposition 12. 1.3] d). Corollary 1 1 . 3. 71 d) . Proposition 12.1.81 aiid Proposi- 
tion [2X1 b),d), 

^ = ( X] ^^""s I ^ ( X] ) = X] X] UsU*XutU*t = 

\seT / VteT / seTteT 

Xa Xa Xa Xa 

= '^'^Us{(ps,tX)u*t =^^Usf{st-^,t)X,i-iU* = 

Xa Xa Xa Xa 

= ^ ^ UsXrf{r, r"^s)n*_i^ = X] X] ^sXr-ulVr = 

seTreT seTreT 
Xa Xa ^ Xa / "^^ _ \ Xa ^ 

seTreT s&T VteT / teT 



Step 2 b&c&d 

By Step 1, Corollary 1 1 . 3. 71 a) . and Proposition 12.1. 2] d).e) (and Proposition 
/Xi ^ \* Xi 

X* = = ^ix:0iK)v: = 

VseT / seT 

Xi ^ Xi ^ Xi 
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By a), 

{x*)t = m{x,-^r . 

By Step 1 and Proposition 12.1.2] e) (and Pr op osit ion 1 1 . 1 . 2] a) ) . 



12 



'•i.2 



Together with Step 1 this proves 



'A3 



'A3 



X = Y,ixmK)Vt G S{f) , X* = Y,iiXtr(^iK)v; e S{f) . 



Xl X2 



In particular S{f) =n{f)=n{f). 

e) By b) and Corollary 11.3.71 b). in the C*-case, 



= ^xj{s,s-H)c,-^t = Y,fis,s-H)Xsi 

The proof is similar in the W*-case. 
f) For ^ G F and s G T, by e), 

{XOs = t-h)Xt^t-,, = f{sr-\r)X,,-^Cr • 



g) By b), Corollary [L321b),d), and Proposition [2X2] b),d), 

XY = (j2^Xs01k)Vs\ (j2^XmK)v}\ = 
\seT / VteT / 



X2 X2 



X2 T2 



seT t<^T 
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12 %2 ^ 

%2 I2 

Since by d), 

reT 

for every s G T we get Xy G 5(7), again by d). By Corollary 11.3.71 b) and 
Proposition 12.1.61 c) ,e) , 

{XY)t = ^tAXY) = ^^^t,i((/(s,s-V)x,y,-i,)iu)y, = 

= E Y.^t,rf{r, l)f{s, 5- V)X,y,-v = 5-'t)X.y.-it . 

By the above, c), and Proposition 11.1.2] b). 

iX*Y)t = Y,fis,s-H){X*)sY,-^t = = 

= Y,f{s-\tr{x,-^rY,-^, = Y,f{s,trx:Yst, 

It follows by Pr op osition 1 1 . 1 . 2] a) ■ 

(x*y)i = ^x:y, , (xy*)i = ^x,y; . 

h) By c) and g), S{f) is an involutive unital subalgebra of Ce{H). Be- 
ing closed (resp. closed in Ce{H)- (d) and Corollarv 11.3.71 c))) it is a C**- 
subalgebra of Ce{H) (resp. generated by 7^(/) [CI] Theorem 5.6.3.5 b) and [CI] 
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Corollary 4.4.4.12 a) and by [CI] Corollary 6.3.8.7 7^(/)# is dense in Sw{f)*^, 
which is compact by Corollary 11.3.71 c)). The assertion concerning E follows 
from Proposition 12.1.2] d) and Lemma [1.3. 21 c). By Corollary 11.3.71 a). ReS{f) 
is a closed set of 

i) The assertion follows from h), Proposition 11.3.9] b). and Lemma 11.3.81 
c) =^ a). 

j) For X G 5(/,F), Y G S{f), and t€T, by g), {XY)t,(YX)t G S{f,F) 
so S{f,F) is an ideal of S{f). The closure properties follow from Proposition 
EXUc). 

k) By c) and g), S{f,F) is a unital involutiye subalgebra of S{f) and by 
Proposition 12.1.61 c). F) is a C**-subalgebra of The last assertion 

follows from the fact that the image of the map contains TZ{g). 

1) There are U,V € S{f) with 

{X,Y) = {U,V)*{U,V) = {U*,-V*){U,V) = {U*U + V*V,U*V -V*U) . 
For t G T, 

< {Ut, VtTiUt, Vt) = ([/;, -vmut, Vt) = {u^Ut + v^Vt, u^Vt - v;ut) . 

By g), 

Xi = {u*u + v*v)i = Y^i^tUt + v:vt) , 

teT 

Yi = {U*V - V*U)i = ^iUtVt - V*Ut) 

teT 

so 

{Xi,Yi) = Y,iu:ut + v:vt, uivt - v;ut) eE+ . ■ 

Remark. It may happen that by the identification of i), Sc{f) 7^ <Swif) 
(Remark of Proposition 12.1.23]) . 

COROLLARY 2.1.10 
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a) If {xt)t£T is a family in E such that {\\xt\\)t<^T is summable then 

iixt0lK)Vt)teT 
is norm summable in Ce{H) and 



^{xmK)Vt 



t<^T 



h) The set 

A:= I X&S{f) I ^11X^11 <oo I 
is a dense involutive unital subalgebra o/5||.j|(/) with 



ier \teT / \teT / 



for all X,Y eA. 
c) A endowed with the norm 

teT 

is an involutive Banach algebra and S\\.\\{f) is its C*-hull. 



a) For 5 G q3/(r), by Proposition [2X2] e) , 



^{xmK)Vt 



tas 



and the assertion follows. 



t65 



tas 



b) By Theorem EES] c), X* G S{f) and 

\\{x*),\\ = \\{x,-.r\\ = \\x,- 
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for all t G T so 

teT teT teT 

By Theorem [2X9] g), XY G S{f) and 



\\iXY),\ 
for every t £ T so 



J2fis,s-H)XsY, 
seT 



<^||x,||||y,- 



\\{XY),\\ < 5^ 5^ ||x,|| = ^ iix.ii ( ^ ||y,-.,| 

teT teT seT seT \teT 



aeT 



aeT 



c) is easy to see. I 

Remark. There may exist X £ for which {{Xt<SilK)Vt)teT is not 

norm summable, as it is known from the theory of trigonometric series (see 
Proposition 13.5.1]) . In particular the inclusion A C may be strict. 



COROLLARY 2.1.11 Let F be a unital C**-algebra and t : E ^ F a posi- 
tive continuous (resp. W*-continuous) unital trace. 

a) T o ifi^i is a positive continuous (resp. W*-continuous) unital trace, 
h) If T is faithful then r o i^i i is faithful and Vi is finite, 
c) In the W*-case, Sw{f) is finite iff E is finite. 



a) Let X,Y £S{f). By Theorem [2X9] g) (and Proposition [TO] a)), 

Tipi,i{XY) = TrYf{t,t-^)XtY^-A =TrYf{t,t-^)X^-,Yt \ = 
\teT / \teT J 
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= ^Tifit,t-')X,-^Yt) = ^rifit,t-')YtXt-i) = T lY.fit,t-')YtXt-i] = 

t&T teT \teT J 

= Tipi,i{YX) . 

Thus r o ipi^i is a trace which is obviously positive, continuous (resp. W*- 
continuous), and unital (Proposition I2.1.6] c).d)). 

b) By Theorem 12 ■ 1 . 91 g) . ipi^i is faithful, so roip is also faithful. Let X G 
with X*X = V^i. By a), 

Tipi^i{XX*) = TO = Tipi^iVi = If 



so 



r^i,i{Vi-XX*) = lF-lF = 0, Vi = XX*, 
and Vi is finite. 

c) By b), if is finite then Swif) is also finite. The reverse implication 
follows from the fact that Ei^Ik is a unital W*-subalgebra of Swif) (Theorem 

EXDh)). ■ 

COROLLARY 2.1.12 Assume T finite and for every x' G (E')'^ put 
a) x' G 5(/)' and 

sup 1 1 Xj 1 1 < < 1 1 Xj 1 1 



?'\T 



for every x' G {E'Y o^nd the map 

^ ; (^E'f ^ SifY , x'^x' 
is an isomorphism of involutive vector spaces such that 

(p{xx) = {x ® 1k){'^x) , ip{x'x) = {ipx'){x Ik) 
([CI] Proposition 2.2.7.2j for every x ^ E and x' G [E')"^ . 
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b) If E is a W*-algebra then the map 



is an isomorphism of involutive vector spaces such that 

ip{xa) = (x lK){'ipa) , il;{ax) = {ipa){x Ir) 
for every x & E and a G {E)'^ . 



COROLLARY 2.1.13 Assume T finite and let M be a Hilbert right S{f)- 
module. M endowed with the right multiplication 

M X E — > M, x) I — > C{x^'i-K) 

and with the inner-product 

MxM^E, (e,r/)^(eU)i 

is a Hilbert right E-module denoted by M, Cg(^f-^{M) is a unital C*-subalgebra 
of Ce{M), and M is self dual if M is so. 



By Proposition [2X6]d),g) and Theorem [2X9] g) ,1) , for X,Y e S{f) and 

X G 

(^i,i(X(x®lx)) = {'fi,iX)x , X > ^ > , 

o 

(X,y) G5(/y+^ 99i,iy) G^+, 

inf{ \Wi,iX\\ I XGcS(/)+,||X|| =1} >0 

and the assertion fohows from Proposition I2.1.5] a).c).d) and [CI] Proposition 
5.6.2.5 a),c),d). ■ 

COROLLARY 2.1.14 Let n £ m and let (p : S{f) En,n be an E-C*- 
homomorphism. Then {ipVt)ij £ E^ for all t & T and all i,j G INn. 

For x £ E,hy Proposition 12.1.2] d) and Theorem 12.1.91 hi. 

x{ipVt) = ^p{x0lK){ipVt) = ip{{x^lK)Vt) = 
= ifiVtix^lK)) = {ipViMx^K) = {^Vt)x 

so ((^14)*^ G E^. m 
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COROLLARY 2.1.15 Let S be a group and g G F{S,S{f)). If we put 
h:{TxS)x{TxS)^Un , ((ti, si), (ts, S2)) ^ 

{f{tl,t2)^^K)g{si,S2) 

then h e T{T x 

The assertion follows from Theorem 12 . 1 . 91 h) . 
COROLLARY 2.1.16 Let X G S{f) {resp. X £ 



a) For every S C T, 



iz ^ WW 
Y,[Xs®Ik)Vs e S{f) (resp. Y,^Xs®^k)Vs € 



and 



7 := sup ■ 



Y,{xmK)Vt 



S G *P/(T) \ <oo. 



h ) We put for every a £ l°° (T) 

aX : T — > E , 1 1 — > ottXt . 

Then aX £ S{f) {resp. aX G for every a G /°°(T) and the map 

r(r)^5(/)(resp.5||.||(/)), a ^ aX 

is norm- continuous. 

c) Assume E is a W*-algehra and let l°°(T,E) be the C*-direct product of 
the family {E)t^Xi which is a W*-algebra ([CI] Proposition 4.4.4.21 a)). 
We put for every a G l°^(T, E), 

aX : T — 7- E , 1 1 — > atXt . 

Then aX G Sw{f) for every a G 1°°{T,E) and the map 

r(T,E)^Swif), a^aX 

is continuous and W*- continuous. 
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a) In the C*-case the family ((X<j (g) 1k)Vs)s£S is summable since Scif)^^ 
is complete. By Banach-Steinhaus Theorem, 7 is finite. In the W*-case the 
summability follows now from Corollary II. 3. 71 b).c) and Theorem 12. 1.91 b). 

b) Let G be the vector subspace { a G /°°(r) | a{T) is finite} of /°°(r). By 
a), the map 

(resp.5||.||(/)), a ^ aX 
is well-defined, linear, and continuous. The assertion follows by continuity. 

c) Let X £ E, S C T, and a := xes- For ^,r] £ H and a G by a) and 
Lemma ll.3.2l b) (and Theorem 12.1.91 b)). 

^ aX , '(iZv) ^ = ( ( aX^ I 77 ) , a ) = ^ E V*tx{{esX)Ot , « ^ = 

= ^{x, {{esX)Otav*t ) = (x, Y,{{esX)^)tav: ) • 
teT \ t£T I 

Let G be the involutive subalgebra { a G /°°(r, | a{T) is finite } of /°°(T, 
and let G be its norm-closure in l°° (T, , which is a C*-subalgebra of (T, £'). 
By [CI] Proposition 4.4.4.21 a), G is dense in l'^{T,E)p,, where F := 1°°{T,E). 

Let a G 1°°{T, E)"^ and let 5^ be a filter on converging to a in l°°(T, E) p, 
([CI] Corollary 6.3.8.7). By the above (and by Theorem [2T9]h)), 

lim BX = aX 

in Swif) ^ and so aX G SwU)- The assertion follows. I 

SwU) 



COROLLARY 2.1.17 Let S be a subgroup ofT. Put 

fs:=f\{SxS), Ks:=l\S), g :={X eSif)\ tGT\S^Xt = 0} 
a) fsGHS,E). 

h) Q is an E-C**-subalgebra of S{f). 
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c) For every X G Q, the family {{Xs^lKs)ys^^)seS summable in Ce{Ks)%2 
and the map 

ses 

is an injective E-C**-homomorphism. 

d) If X £ Q n5jj.|j(/) then ipX G and the map 

gn5||.||(/) x^^x 
is an E-C*-isomorphism. 

e) If S is finite then the map 

tes 



is an E-C*-isomorphism. 



a) is obvious. 



b) By Theorem I2.1.9l c).g). g is an involutive unital subalgebra of S{f) and 
by Proposition 12.1.6] a) (resp. Proposition 12 . 1 . 6] c) and Corollary 11.3.71 c)) and 
Theorem 12. 1.9l h). it is an S-C**-subalgebra of S{f). 

c) follows from Theorem 12.1.91 b) and Corollary 12 . 1 . 1 6l a) . 

d) follows from c). 

e) is contained in d). I 



DEFINITION 2.1.18 We denote by &t the set of finite subgroups ofT and 
call T locally finite if &t is upward directed and 

U s = T- 

S&6t 
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T is locally finite iff the subgroups of T generated by finite subsets of T are 
finite. 



COROLLARY 2.1.19 Assume T locally finite. We put fs := f\{S x 5) 
for every S e &t and identify S{fs) with { X G S{f) \ teT\S^Xt = 0} 
(Corollary EXIZle)). 

a) For every X £ and e > there is an S £ &t such that 



^{Xt lK)Vt - X 



teR 



< e 



for every R G Gt with S C R. 

b) is the norm closure of Usi^er'^ifs) and so it is canonically iso- 

morphic to the inductive limit of the inductive system { S{fs) \ S € &t } 
and for every S G &t the inclusion map S{fs) — ?• is the associated 

canonical morphism. 



a) There is a F G with ||X - Y\\ < |. Let 5 G ©t with Y G S{fs). 

By Corollary EXmb), for R G 6t with S C R, 



Y,{{Xt-Yt)0lK)Vt 

t&R 



< \\x - y|| < - 

-II II 2 



so 



^{xmK)Vt - X 

t€R 



< 



Y^{{Xt-Yt)C^lK)Vt 

teR 



+ ||y-X||<| + |=e 



b) follows from a). I 

Remark. The C*-algebras of the form with T locally finite can be 

seen as a kind of AF-i?-C*-algebras. 



PROPOSITION 2.1.20 The following are equivalent for all t £ T with t^ 
1 and a £ Un E. 
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a) ^{Vi + {aC^lK)Vt)£PrSif). 
h) a^ = fit). 

By Proposition [2X2] b),d),e), 

ivt)* = ifmiK)Vt , {Vtf = ifitr^iK)Vi 

so 

^{Vi + ia^lKWt)* = ^{Vi + iia*fit))^lK)Vt) , 

^{Vi + {a0lK)Vt)^ = ^{{1e + a^f{trmK)Vi + ^{a0lK)Vt . 

Thus a) is equivalent to a* f{t) = a and a^f{t)* = which is equivalent to 
b). ■ 

COROLLARY 2.1.21 Let t e T such that = 1 and f{t) = 1e. Then 
^{Vi ± Vt) G Pr Sif) , (Vi + Vt)iVi -Vt) = 0. 

The assertion follows from Proposition 12.1. 201 I 



COROLLARY 2.1.22 Let a,(5 eUnE, s,teT with = t^ = I, st = ts, 

7 := ^(a*/3/(s, stf + a/(t, stf) , 7' := t)* + Pa*f{st, s)*) . 

and 



a) f{s, St) fit, St) = fist, t)fist, s) = fist)* . 

h) fist,t)fis,st) = fist,s)fit,st). 

c) X*X = \iVi + i^®lK)Vst) , XX* = \iVi + ii^lK)Vst) 

d) The following are equivalent. 
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di) X*X€PrS{f). 

d2) XX*ePrS{f). 

d3) a*/3f{t,st) = f3*af{s,st). 

d^) a*pf{st,t) = l3*af{st,s). 

a) and b) follow from the equation of Schur functions (Definitior ll.l.ip and 
Proposition 11.1.21 a) . 

c) By Proposition 12.1.2] h).e) and Proposition 1 1 . 1 . 2] b) . 

X* = li{ia*fis))0lK)Vs + i{f3*f{t))0lK)Vt) , 

X*X = ^Vi + ^i{a*(3fis)fis,t) + (3*af{t)f{t,s))^lK)Vst = 
= + ^((a*/5/(s, sty + ^*af{t, = ^iVi + (t^Ix)^.^) , 

XX* = ^Vi + ^{{a^*f{t)f{s,t) + /3a*f{s)f{t,s))0lK)Vst = 
= ^Vi + l{{a(3*f{st,tr +(3a*f{st,sr)0lK)Vst = ^{Vi + (j'^lK^st) ■ 

di 4^ d2 is known. 
di 4^ d-i. By a), 

7' - fist) = i(a*/3Q*/3/(s, sty^ + (3*a(3*af{t, st)*^ + 2/(s, st)7(i, st)*)- 

-f{s,strf{t,str = ^{a*f3f{s,str -I3*af{t,strf . 

By Proposition I2.1.2II] di ) is equivalent to 7^ = f{st) so, by the above, since 
a*l3f{s,st)* — /3*af{t,st)* is normal, it is equivalent to 

a* f3f{s, st)* = f3*af{t, st)* or to f3*af{s,st) = a*/3f{t,st). 
c?3 44> di follows from b). I 
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PROPOSITION 2.1.23 Let X G S{f). 

a) Y.xtXt = {X*X)i , £ (XtX:) = {XX*)i. 
teT teT 

\\{Xt)teT\\ < \\x\\ , < \\x\\ . 

c) IfTis finite and f is constant then there is an X £ S{f) with 

\\X\\ > VCardT\\{Xt)teT\\ , \\X\\ > VCardT \\{X:)teT\ 

d) IfTis infinite and locally finite and f is constant then the map 



teT 



is not surjective. 



a) follows from Theorem 12 . 1 . 9 1 gl . 

b) By a), _ 

iXt)teT,iX:)teT(^ OE 
teT 

and by Proposition 12.1.61 a) , 

\\(Xt)teTf = \\ipi,i{X*X)\\ < \\X*X\\ = \\Xf , 
||(X;)teTf = \\ipi,i{XX*)\\ < \\XX*\\ = \\Xf . 

c) Let n := Card T and for every t G T put X^ := 1^, it '■= ^E- Then 

\\iXt)teTf = \\iX:)teTf = n, \m)teTf = n . 



For t G r, by Theorem 12.1.91 e) 



{XOt = Y.f{s,s-H)X,i,-^, = nlE 
seT 
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so 

{XC\XO= uHe , n \\Xf = \\Xf Uf > mf = , 
\\Xf >n\\{Xt)teTf , \\X\\ >V^\\{Xt)t^T\\ ■ 

d) follows from c), Theorem 12 . 1 . 9 1 a) . and the Principle of Inverse Operator. 

■ 

Remark. If is a W*-algebra then it may exist a family {xt)teT hi E such 
that the family {{xt'i^lK)Vt)t£T is summable in Ce{H)i^ in the W*-case but 
not in the C*-case as the following example shows. Take T := Z , / constant, 
E := /°°(Z), and xt := {St,s)s&T G E for every teT. By Proposition [2X23] b), 
{{xt li^)Vt)tgT is not summable in Ce{H)%^ in the C*-case. In the W*-case 
for G and s,t £ T, 

{ iixmK)VtC)s I iixmK)VtOs ) = ei|6-tP , 
( {xmK)Vt^ \ {xmK)VtO =etUf ■ 

Thus 

X ■.= j2ixtmK)VteSw{f) . 

teT 

Using the identification of Theorem 12.1.91 i). we get X £ Sw{f) \ <Scif)- 
COROLLARY 2.1.24 Let X G S{f). 

a) X £ { x^Ik I x£ eY ijJXt £ E"" for all t £ T. 

b) X £{Vt \ t£Tr iff 

Xs-Hs = f{s,s-Hsrf{t,s)Xt = f{s'\ts)f{t,s)f{s)Xt 
for all s,t £ T. 

c) X £ S{fY iff for all s,t£T 

Xt£E\ X,-i,, = f{s, s-HsYfit, s)Xt = f{s-\ts)f{t, s)f{s)Xt . 

In particular if f{s, t) = f{t, s) for all s,t £ T then X £ S^fY iff Xt £ E'^ 
for all t £ T. 
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e) If the conjugacy class of t ^ T (i.e. the set { s^^ts | s G T } j is infinite 
andX e{Vt\ teT}" then Xt = 0. 

f) If the conjugacy class of every t £ T \ is infinite then 

{Vt\ t£Ty = { x^Ik I xGE} , S{fy = { x^Ik I xGE"} . 
Thus in this case S{f) is a kind of E-factor. 

g) The following are equivalent: 
gi) S{f) is commutative. 

g2) T and E are commutative and f{s,t) = f{t,s) for all s,t gT. 

For s,t £T , X £ E, and Y := {x^1k)Vs, by Theorem [2X9] g) , 
{XY)t = Y,f{r,r-H)XrYr-H = ^^/(r, r-it)X,5,_,-i,x = f{ts-\ s)Xt,-^x , 

{YX)t = Y,fir,r-H)YrX,-it = ^f{r,r'H)6r,sxX,-it = f{s, s~H)xX,-^t . 

a) follows from the above by putting s := 1 (Proposition 1 1 . 1 ^ a) ) . 

b) follows from the above by putting x := 1e and t := rs (Proposition 

MM- 

c) follows from a),b), and Corollarv ll.3.7l d). The last assertion follows using 
Proposition 11.1.51 a) . 

d) follows from c) (and Proposition 1 1 . 1 . 2] a) ) . 

e) follows from b) and Proposition 12.1.23] b). 

f) follows from c), e), and Proposition 12.1. 2] d). 

91 =^52- By a), is commutative. By Proposition 12.1.2] b). 

f{s,t)Vst = VsVt = VtVs = f{t,s)VtVs = f{t,s)Vts 
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and so by Theorem 12. 1.91 a), st = ts and f{s,t) = f{t,s). 
92 =^ 91 follows from c). 



COROLLARY 2.1.25 //IK = ]R then the following are equivalent: 

a) S{fr = S{f) = ReS{f). 

h) T is commutative, = E = Re E, and 

f{s,t) = f{t,s), f{t) = lE, t^ = l 

for all s,t £ T. 

a ^ b. By Corollary 12.1.241 gi ^ g2, T is commutative, E = E^, and 
f{s,t) = f{t,s) for all s,t gT. Since E is isomorphic with a C*-subalgebra of 
S{f) (Theorem [2X9] h)), E = Re E. By Proposition [2T2]e), 

Vt = Vt* = {f{t)mK)Vt-i 

so by Theorem [2X9] a), t = t'^ , f{t) = lE,sot^ = 1. 

b ^ a. By Corollary [2X2l 52 ^ 5i, S{fY = S{f). For X G S{f) and 
t E T, by Theorem [2X9] c), 

{x*)t = f{t){x^-.r = {XtT = Xt 

so X* =X (Theorem [2X9] a)). ■ 

PROPOSITION 2.1.26 Let {Ei)i(.i be a family of unital C**-algebras such 
that E is the C*-direct product of this family. For every i £ I, we identify E^ 
with the corresponding closed ideal of E (resp. of E^) and put 

fi-.TxT^UnEf, (s,t)^/(s,t), . 
a) For every i G I, fi G J-{T,Ei). We put (by Theorem 12 . 1 . 91 b) ) 

: S{f) S{fi) , X ^ j;((Xt),^U)y/ . 

teT 

(fii is a surjective C**-homomorphism. 
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b) In the C*-case, ifT is finite then TZ{f) = = Sc{f) is isomorphic 
to the C*-direct product of the family 

{nUi) = S\\.\\{f{) = Sc{fi))^^I . 

c) In the C*-case, if I is finite then Sc{f) (resp. S\\.\\{f)) is isomorphic to 

\\scm (resp. n^iHi (/.);. 

d) In the W*-case, Swif) is isomorphic to the C*- direct product of the family 
{'Swifi))iei- B 

Remark. The C*-isomorphisms of b) and c) cease to be surjective in general 
if T and / are both infinite. Take T := (Z2)'^, / := IN, Ei := K for every 
i G I, and E := 1°^ (i.e. E is the C*-direct product of the family {Ei)i^i). For 
every n E IN put t„ := (5m,n)me]N £ T- Assume there is an X G Sc{f) (resp. 
X G 5||.||(/)) with 'il)X = {V^^.^)i^i (resp. LpX = (yj^')jg/), where V' and Lp are 
the maps of b) and c), respectively. Then {Xt^)i = 5i^n for all i, n G IN and this 
implies {Xt)t£T ^ Q) E, which contradicts Proposition 12 . 1 . 23) b) . 

PROPOSITION 2.1.27 Let S be a finite group, K' := P{S), K" := P{S x 
T), and g £ J^{S,S{f)) such that g{si,S2) G Un E^ (where Un E'^ is identified 
with {Un E'^)01k CUn S{fY) for all si,S2 £ S and put 

h:{SxT)x{SxT)^UnE', ((si, ti), (52,^2)) ^ 5(si, S2)/(ti, ^2) • 

a) h £ J^{S X T, E); for every X G S{g) put 

^X := j;((X,)i»l^.)^('t) e S{h) . 

b) if : S{g) — > S{h) is an E-C*-isomorphism. 

a) is obvious. 

b) For X,y G S{g) and {s,t) G 5 x T, by Theorem [2T9] c) ,g) and Propo- 
sition 12.1.61 g) , 

{^X*%,) = {{X*),)t = ~g{s){{Xs-^r)t = 
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res 

res q&T 

= H{r,q),{r,q)~^{s,t))X^^^y)Y^^g)-i^^ t) = {{'pX){fY)){s,t) , 

{r,q)eSxT 

SO is a C*-homomorphism. If ipX = then ^(s,^) = for all (s, t) G 5 x T, 
so X = and f is injective. Let Z E S{h). For every s G S put 

Xs 

X, :=^(Z(,,i)^l,,)F/G5(/), 

teT 

X := Y,{Xs ^ lK')Vf G S{g) . 

ses 

Then ipX = Z and ip is surjective. I 



PROPOSITION 2.1.28 IfT is infinite and X G S{f) \ {0} then X{H*) is 
not precompact. 



Let t £ T with Xf ^ 0. There is an x' G E'j^ (resp. x' G E^) with 
( X^Xt , x' ) > 0. We put ti := 1 and construct a sequence (tn)nG]N recursively 
in T such that for all m,n G IN, m < n, 

f{t,t^rf{tt^t-\tn)x:x^^^^-. , < x'> . 

Let n G IN \ {1} and assume the sequence was constructed up to n — 1. Since 
(Proposition [2X23] a)) 

Yl ( KmS-^^tt^S-^ ,X')<CC 

seT 



for all m G INn-i there is a t„ G T with 
X 



^^u^t,^^-')<-^{x:x,,x'' 
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for all m G INn_i. By Schwarz' inequality ([CI] Proposition 2.3.4.6 c)) for 



f{t,tm) f{ttmtn^,tn)X^X^,_i_~i , X 



< 



This finishes the recursive construction. 
For r,s £ T, by Theorem 12 . 1 . 91 e) . 

{X{lE0er))s = '^f{q,q'^s)Xq5,.^q~is = /(fir'^ r)X^^-i , 

( X{Ie ®er)\Xt®es) = f{sr-\r)X*,X,,-i . 
For m,n £ IN, m < n, it follows 

( X{1e ^ etj I Xt » ett^ ) = f{t, tm)X:Xt , 

{ { X{1e ^etJ\XtCS ett^ ) , x'f{t, t^f ) = { X^X^ , x' ) , 
{ X{1e 0etJ\Xt0 ett^ ) = f {ttmt-\tn)Xl X^^^^-, , 
I ( ( X{Ie 0etJ\Xt0 ett^ ) , x7(t,im)* > I = 

{f{t,t„d*f{ttrat-\t,)X:X^^^^-r,x')\<^{X:Xt,x') , 

\\x'\\\\XilE0etJ-XilE'i^etJ\\\\Xt\\ > 
> \{{X{lE(E)etJ-X{lE(E)etJ\ Xt^eu^) , ^'/(t,^*)! > 
> \{{X{lE(^etJ\ Xt^ett^) ,x'f{t,t^r)\- 
-\{{X{lE0etJ\ Xt^ett^) , x'f{t,tmT)\ > 

>{x:Xt,x')-^{x:Xt,x') = ^{X*TXT,x') . 

Thus the sequence (^(1_e fX" e(„))„e]N has no Cauchy subsequence and therefore 
X{H'^) is not precompact. I 
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PROPOSITION 2.1.29 Assume T finite and let ^1 be a compact space, ujq £ 

n, 

g -.T xT ^UnC{n,E), {s,t) ^ f{s,t)ln , 
A:={XeSig) \ t e T,t ^ 1 ^ Xtiojo) = 0} , 
B:={Y€ C{n,S{f)) I t G T,t / 1 ^ Y{u:o)t = 0} . 
Then g £ T{T,C{Vt,E)) and we define for every X £ A and Y £ B, 

^X:n^S{f ), u^Y.iXtiuj)(S)lK)V/ , 

teT 

i;Y:=J2iYi-)t^lK)Vf . 

teT 

Then A (resp. B) is a unital C*-subalgebra of S{g) (resp. of C{Q,S{f))) 

ip:A — > B, ip: B — > A 

are C*-isomorphisms, and if = 

It is easy to see that A (resp. B) is a unital C*-subalgebra of S{g) (resp. 
of C(0,5(/))) and that (f and V are well-defined. For X,X' £ A, t £ T, and 
u; G fi, by Theorem 12.1.91 c).g) and Proposition 12. 1.2] e) . 

i{{ipX){^r)){u;))t = f{s, s-H)i{^X){u;)U{ipX'){u)),^,, = 
seT 

= Y,fis,s-H)Xs{u:)X:^,,{u) = Y,ifis,s-h)X,X'^^,^)iu) = 

seT seT 

= {XX')t{Lo) = {ip{XX'){co))t, 
{vX*){u^) = Y,i{{X*Uu)) 1k)V/ = 5^((/(.)((X,-0*M)) ^ Ik)V/ = 



seT seT 



= 5^((X,-i)(a;)* ® lK)ivLrr = Y.(^s{u^y ^ ^kW/Y = i^X)* 
seT seT 

so 9? is a C*-homomorphism and we have 

{^PipX)t = iipX)t = Xt . 

Moreover for Y £ B, 

ivijYUco) = i{i;Y)iuj))t = Yt{uj) 
which proves the assertion. 



71 



2.2 Variation of the parameters 



In this subsection we examine the changes produced by the replacement of 
the groups and of the Schur functions. 

DEFINITION 2.2.1 We put for every A G A{T,E) (DefinitionlTO]) 

It is easy to see that U\ is weh-defined, U\ E Un Ce{H), and the map 

A(r, E) Un Ce{H), X^Ux 

is an injective group homomorphism with = Ux* (Proposition 11.1.41 c)). 
Moreover 

\\Ux-U^\\ < ||A-/x||^ 

for all X,n£ A{T,E). 

PROPOSITION 2.2.2 Let f,g £ F{T,E) and A G A{T,E). 

a) The following are equivalent: 

ai) g = f6X. 

There is a (unique) E-C*-isomorphism 

^ : S{f) Sig) 

continuous with respect to the 1^2-topologies such that for all t £ T 
and X £ E, 

ifv/ = {x{tr^iK)vf 

( we call such an isomorphism an 5- isomorphism and denote it by 

b) If the above equivalent assertions are fulfilled then for X E S{f) and 
t G T, 

ipX = UlXUx , iipX)t = X{tfXt . 
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c) There is a natural bijection 

{S{f)\ f a F{T,E)} / HT.E)/ {5X \ X^K{T,E)} . 

By Proposition dXlc), <5A G F{T,E) for every A G A{T,E). 
ai =^ a2^b. For s,t £T and ( £ E,hy Proposition 12. 1 . 2] c) . 

mv/UxiC^es) = Ulv/{{X{s)0^e,) = UU{f{t, s)X{s)C) ^ ets) = 

= (XitsYfit, s)A(s)C) ets = {X{tyg{t, s)C) ets = (A(t)*®U)y/(C e,) 
so (by Proposition 12. 1 . 2] e) ) 

u*^v/ux = {xity^iKWf . 

Thus the map 

^ : S{f) ^ S{g) , X^UlXUx 

is well-defined. It is obvious that it has the properties described in 02). The 
uniqueness follows from Theorem 12 . 1 . 9 1 b ) . 

We have 

^{{xmK)v/) = {xmK){x{ty®iK)v,' = {{x{tyxt)®iK)vi 
so {^x)t = x{tyxt. 

02 =^ ai. Put h := f5X. By the above, for t £ T, 

{x{ty^iK)vf = ^v/ = {x{ty^iK)Vt'' 

so Vf = and this implies g = h. 

c) follows from a). ■ 

Remark. Not every i?-C*-isomorphism S{f) — t- S{g) is an S isomorphism 
(see Remark of Proposition 13. 2 . 3|) . 



COROLLARY 2.2.3 Let 

Aq{T,E) := { a G A{T,E) \ X is a group homomorphism} 
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and for every A G Aq{T,E) put 

ifx : S{f) S{f) , X ^ UlXUx . 
Then the map X ip\ is an injective group homomorphism. 



By Proposition 11.1.41 c). Aq{T,E) is the kernel of the map 

A(r, E) T{T, E), X^6X 

so by Proposition 12 . 2 . 2l ipx is well-defined. Thus only the injectivity of the map 
has to be proved. For t £T and ( £ E,hy Proposition 12.1.2] c). 

U^VtUxiC ® ei) = U^VtiC ei) = U^C et) = 

= (A(t)*C) 0et = {X{tr0lK)Vt{C ei) . 
So if fx is the identity map then X{t) = 1e for every t G T. I 

PROPOSITION 2.2.4 Let F be a unital C**-algebra, i^E ^ F a surjective 
C**-homomorphism, g ■= o f £ T{T,F), and L := Q) F. We put for all 

C £ H, T] £ L, and X £ Ce{H), 

where C ^ H with ( = 11 (Lemma 11.3. Ill a) .b) and Prop osit ion 1 1 . 3 . 1 2] a) ) . Then 

^3 

X = Y,{i^XtmK)Vf G S{g) 

teT 

for every X G S{f) and the map 

^ : S{f) ^ S{g) , X^X 

is a surjective C**-homomorphism, continuous with respect to the topologies 
%k, k G {1,2,3} such that 

Kerip = {X eS(f) \ t e T ^ Xt £ Ker if} . 
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For s,t eT and e H, 
so by Lemma n.S.llI b). 

, — :r'"^ ^ 

ixmK)v/ = ii^Xt)0iK)vf . 

By Theorem [2X9] b), 

5:3 

X = 

teT 

so by the above and by Proposition I1.3.12] b). 

X = Y,i{^Xt)'^lK)Vf G S{g) . 

teT 

By Proposition II. 3. 12] b). (p is a surjective C**-homomorphism, continuous with 
respect to the topologies {k £ {1, 2, 3}). The last assertion is easy to see. I 

COROLLARY 2.2.5 Let F be a unital C*-algehra, ip : E ^ F a unital 
C*-homomorphism such that ip{Un E^) C F^, g := ip o f ^ J^{T,F), and 
L := Q) F. Then the map 

11-11 

is C*-homomorphism. 

Put G := E/Kenp and denote hy pi : E ^ G the quotient map and by 
P2 '■ G ^ F the corresponding injective C*-homomorphism. By Proposition 
12.2.41 corresponding map 

•^1 — ^cS||.||(v?io/) 
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is a C*-homomorphism and by Theorem 12 . 1 . 9 1 k) . the corresponding map 

■■ ■S\\.i\{ipi of) — > 

is also a C*-homomorphism. The assertion fohows from Lp = if>2 o Lpi. I 

PROPOSITION 2.2.6 Let T' be a group, K' := f{T'), H' := Mk' , ip : 

T ^ T' a surjective group homomorphism such that 

-1 

sup Card V'(t') ^ IN, 
t'eT' 

and f £ T(T', E) such that f o [ip x ^) = f . If we put 

~ ("/ 

for every X G andt' G T' then the family {{X'^,^lx')V_^, )t'^T' is summahle 

in Ce{H')%^ for every X G S{f) and the map 

^ : S{f) S{f') , X^X' ■.= Y^ {X't,®lK')V^' 

t'&T' 

is a surjective E-C**-homomorphism. 

We may drop the hypothesis that ip is surjective if we replace S by S^^.^^. 

Let X G S{f). By Coroharv 12.1.161 a), since is surjective and 

-1 

sup Card ipl.t') e'iN, 
t'eT' 

it follows that the family ((Xj',(8)l/f/)yj{ )t'eT' is summable in Ce{H')%^ and 
therefore X' G S{f'). 

Let X,y G S{f). By Theorem [2X9] c) ,g) , for t' G T', 



(x'*v = /'(0(^t'-ir = /'(0 



Vtei/>\t'-i) J 



fit') E 

-1 
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-1 -1 

{X'Y'),= Y,r{s',s''H')K,Y',^,,= 

s'£T' 





1 


\ 




( 


\ 










E ^ 




s'eT' 








J 






( 


\ 






') 


E 


E ^^^s-H 





s'eT' 



( 



E 



\ 



E E i{s,s-H)x,Y,-., 

= E E/(^'^"'*)^^^-^*= E iXY)t = iXY)[,. 

-1 seT -1 

Thus Ip is a C*-homomorphism. The other assertions are easy to see. 
The last assertion follows from Corollary 12.1.171 d) . 



COROLLARY 2.2.7 IfwejLse the notation of Proposition 12. 2J)I and Corol- 
lary [2]23] and define ip' and ip' in an obvious way then ^p' o Tp = ip' o (p . 



so 



For X e S{f) and t' G T' , 

{^'i,x)t, = ip{{i,x)t,) = ip E ^t= E 

-1 -1 

{^'^x)t,= E i^x)t= E 
-1 -1 

y?' O ^ = ^' O . 
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PROPOSITION 2.2.8 Let F be a unital C*-subalgebra of E such that /(s, t) G 
F for all s,t G T. We denote by ip : F ^ E the inclusion map and put 



fP -.TxT ^UuF^ , {s,t)^ fis,t), 



F ^ F(g>K. 



Moreover we denote for all s,t G T by uf , V/' , and ipf^-f. the corresponding 
operators associated with F (/^ G !F{T,F)). Let X G Sc{f ) such that X{'4)S^) G 
ip{H^) for every ^ G and put 



where f G with ipC' = X^ipC), and Xf := {uf)*X^uf G F (by the canoni- 
cal identification of F with Cf{F)) for every t £T. 



a) i,r^eH' 



b) ip is linear and continuous with 



1. 



c) X^ is linear and continuous with ||^^|| = ||^||- 

d) For s,teT, 

^l^^l^X^ = ips,tX , i>X[ = Xt , = f^ist-\t)Xf^., 

e) x^eSif^). 

11-11 

f) ^eH^^ xm = zi^t'^ iK)Vtm). 



a&b&c are easy to see. 

d) By a) and Proposition 12.1.51 b). 

ipf^tX"" = {X''{lF(E)et)\ lF®e,> , 
i^ipf^tX^ = ^ { X^ilp et) I If ® ) 
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= ( ® et)) I ^{If ®es)) = { X{Ie ® e*) | 1^ e, ) = ^s,tX . 

In particular 

and by Proposition 12.1.81 

^l^^ltX^ = Vs,tX = f{st-\t)X,t-^ = ^{f{st-\t)Xf^^,), 

^%x^ = f{sr\t)x!,... 

e) By c) and Proposition I2.1.3] d) . for ^ G , 

IMI 

x^i = x^Y. ^tiufn = E x^ufiufn , 

teT teT 

By d) and Proposition 12. 1 .41 b) .d) . 

seTteT sGTteT 



by Proposition 12 . 1 . 3] d) . again. Thus 

X^ = E(^f ® ^K)vf e Scin . 

teT 
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f) For s,teT, by d), 

= fit, t-\s)Xtm,-., = {{Xt ® iK)VtiJOs , 

V;((Xf ® lK)Vfi) = {Xt (E) lK)Vt4>C 

so by b) and e), 

\teT 



= Y,i^{{x[ ® iK)vfi) = Y^iXt ® iK)Vtm . m 

t£T teT 

PROPOSITION 2.2.9 Let F be a W*-algehra such that E is a unital C*- 
subalgebra of F generating it as W*-algebra, ip : E ^ F the inclusion map, and 
^ := {ifS,t)teT S L for every ^ G H, where 

w ^ 

L:= F « Fm . 
teT 



a) (p{Un E") cUn F" and g := ipo f £ F{T,F). 
h) If 

: Ce{H) Cf{L) , X^X 

is the injective C*-homomorphism defined in Proposition \1.3.9\ b ), then 
il){Sc{f)) C Sw{g), '4'{Sc{f)) generates Swid) cls W*-algebra, and for 
every X £ Sc{f) and t £ T we have {X)t = ^Xt- 

c) The following are equivalent for every Y G Swid)-' 

ci) Y£^{Sc{f)). 
C2) ^eH ^ Yi^H. 

If these conditions are fulfilled then 

cs) {Yt)teT G H. 
c^) {Y*)t^T G H. 
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csM G ^ y| = E {YmK)vfi G H. 

a) follows from the density of '^{E) in Fp (Lemma 11.3.81 a =^ c). 

b) For x G t G T, and ^ G i?, 

= 5(i,i"'s)((/Px)eVi, = 

so 

{{^x)®lK)Vi = {x(^Ik)v/ . 

Let now X G By Theorem EH] b), 

X = Y,{Xt 1k)v/ 

teT 

so by the above and by Proposition 11.3.9] c) (and Theorem 12 . 1 . 91 d) ) . 

Xi Xi 

X = Y,iXt^ 1k)v/ = ^i{ipXt)mK)Vf G Swig) 

SO tpiScif)) C 5h/(/). By Theorem [2X9] a), {X)t = (fXt for every t G T. 

Since (/^(-E') is dense in Fp (Lemma 11.3.81 a) =^ c)) it follows that 

Xi 

7^(5) c^(7^(/)) 

so ip{S{f)) is dense in S{g)^^_^^ and therefore generates 5(51) as W*-algebra 
(Lemma 11.3.81 c =^ a). 

ci =^ C2 follows from the definition of ip. 

C2 =^ ci follows from Proposition 12.2.8] e) . 

C2 =^ C3&C4 follows from Proposition 12. 1 . 25] b) . 

C2 =^ C5 follows from Proposition 12. 2. S] f ). I 
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LEMMA 2.2.10 Let E,F be W*-algebras, G := E(g,F, and 

w ^ 

L := G^G(S)K 
teT 



a) If z G then z(^1k belongs to the closure of 

{ w<^1k I w £ EQ F, \\w\\ < 1 } 

in Cg{L)-^ . 

b) For every y G F, the map 

E^ — > G^ , X I — > X® y 

is continuous. 

a) By [CI] Corollary 6.3.8.7, there is a filter ^ on {w£EQF \ \\w\\ < 1 } 
converging to z in G^. By Lemma [1.3.21 b). for (a,^,r/) £ G x L x L, 

\ teT I 

= lim ( w , y^^t aT]l ) = lim ( w®1k , (a, v) 
which proves the assertion. 

b) Let (oj, bi)i^j be a finite family m. E x F. For x £ E, 



X 



®y,^ai®bi\=^{x,ai){y,bi) = ix,^{y,bi)aij . 

iel I i&I \ i&I I 



Since {x®y\ x e E#} is a bounded set of G, the above identity proves the 
continuity. I 
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PROPOSITION 2.2.11 Let F be a unital C**-algebra, S a group, and g G 
T{S,F). We denote by <Sia ihe spatial tensor product and put 

G:=E®^F {resp. G := E^F) , 
L:='^ Fa F^l^{S), M := G a G^l"^ {T x S) , 

sGS (t,s)eTx5 

h:{TxS)x{TxS)^UnG'', ((ti, si), (ts, ^2)) ^ /(ti, ta) ® S2) • 



a) he T{T X S, G), M a H^L, 
Ce{H) ®„ Cf{L) C Cg{M) in the C*-case, 
Ce{H)®Cf{L) a Cg{M) in the W*-case . 

b) Fort eT, s e S, X e E, y e F, 

c) In the C*-case, (/) (5) and Sc{f)®crSc{g) aSc{h). 

d) In the W*-case, if z £ G* and {t, s) £ T x S then {z<^li2(^2'xS)W(t s) 
longs to the closure o/| {w^li2(r^y^s^)Vll w e {E Q F)# | in Cg{M) - 

e) In the W*-case, SwiD^^wig) ~ Sw{h)- 
a) he F{T X S, G) is obvious. 

Let us treat the C*-case first. For e H and 77,77' e L, 

{t,s)eTxS (t,s)eTx5 
{t,s)eTxS 

so the hnear map 

HQL^M, ^®?7^ (6®^.)(M)eTxS 
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preserves the scalar products and it may be extended to a linear map 93 
H ® L ^ M preserving the scalar products. 



Let 2; S G, (t, s) G T X S, and e > 0. There is a finite family {xi,yi)i(zf in 
E X F such that 



< e . 



Then 



y^^Xj (g) et) {yi 0es) - ei^t,s) 



< e 



so z e^t^s) £ f{H L) = (p{H ^ L). It follows that ip is surjective and so 
H(g)L^M. 



The proof for the inclusion Ce{H) ®a- i^F{L) C Cg{M) can be found in [L] 
page 37. 

Let us now discus the W*-case. E®F k, G follows from [C2] Proposition 1.3 
e), M ^ H®L follows from [C3] Corollary 2.2, and Ce{H)®Cf{L) ^ Cg{M) 
follows from [C2] Theorem 2.4 d) or [C3] Theorem 2.4. 

b) For ti, t2 G si, S2 € 5", ^ G E, and G F, by Proposition 12.1.2) f) and 
[C3] Corollary 2.11, 

(((xil;2(T))y,{)^((yglp(S))y/J)((e ® et,) (E)ir](S> e,,)) = 
((((x (g) y)®l;2(2-x5) 

= {h{{ti,si), {t2, S2))ix (g) (g) f])) (g e(t^t2,siS2) = 
= {{f{ti,t2)x^) (g {g(si,S2)yr])) et^t2 ® e^isa = 
= (((xglp(T))V^t{)(?$DetJ)^(((y^lp(5))y/J(??®e,J) . 

We put 

u := ((xilp(r))T^/)i((y^l/2(5))y/) - {{x (g ymi2(^TxS))yl!s e ^g{M) . 
By the above, u{C (g) e^,) = for all C G -E' F and r eT x S. 
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Let us consider the C*-case first. Since E Q F is dense in G , we get 
u{z (g> Br) = for all z G G and r e T x S. For ( G M, by [CI] Proposition 
5.6.4.1 e), 

uC = ui ^ iCr<^er)\ = ^ u{Cr 6,.) = , 
VrGTxS / reTxS 

which proves the assertion in this case. 

Let us consider now the W*-case. Let z G G# and r eT x S and let be a 
filter on {E F)* converging to z in Gq ([CI] Corollary 6.3.8.7). For rje M, 
aeG, and r eT x S, 



z®er, {a^r})) = {{z® er \ rj) , a) = {ri*z , a) = {z , aij*) = 



= lim ( w , arj* ) = lim ( u; , (a, ry) ) , 

w,'S w,S \ I 

lim w®er = z®^r 

in Mj^. Since u : Mj^ — > is continuous ([CI] Proposition 5.6.3.4 c)), we 
get by the above u{z'Sier) = 0. For ( e M it follows by [CI] Proposition 5.6.4.6 
c), 

(M \ Ai 

(Cr Cr) j = ^ u{Cr Cr) = 
reTxS J reTxS 

which proves the assertion in the W*-case. 

c) By b), 7^(/) n{g) C 7^(/^) so by a), 

Suif) 5||.||(5) c 5||.||(/i) , Scif) Sc{g) c Sc{h) , 

S\i.\i{f) ®a5||.||(5) c 5||.||(/i) , Scif) ^aScig) c Scih) . 

Let z G G*, (t, s) e T X S, and e > 0. There is a finite family {xi,yi)i^i in 
E X F such that 



< 1, 



< £ . 



By b), 



^(((x, h^T))V/) ^ iiVi ^ h^S))Vs')) -{Z^ l,2(rx5))V'(t 



< £ 



85 



and so by a), 

IMI X2 

n{h) c n{f) n{g) c n{f) n{g) , 

CcS||.||(/)0,cSj|.j|(5), Sc{h)cScU)(^^Sc{g) • 

d) By a) and Lemma 12.2.101 a) , there is a filter ^ on 

{ w;0lz2(rx5) I we{EQF)*^ 
converging to Z0l/2(2^x5) ^G{M)j^j. For £ M and a £ G, 

= l™(^®l/2(Tx5)^(M) ' ("'^'^) ) = 1™<^ (UJ0 1/2(^x5) )^{t,s) : ) , 

which proves the assertion. 

e) By Theorem 12 . 1 . 9 1 h) . 

W)\ = Swiff cCe{H), iWg)] = Swig)* c Cf{L) . 

By b), nif)Qnig) C 7^(/^), so by Lemma [2230] b), 

Swif)* no)* C Swihf, Swif)* 5vy(<7)* C Swih)* . 
Swif) ^Swig) c Swih) 

By [C3] Proposition 2.5, 

M 

5h/(/)05h/(5) ~ Swif) '5iy(5')c . 

For X e E, y £ F, and (t, s) G T x 5, by b), 
((x0y)0l;2(rx5))^(t) = ((^0lp{T))V;^)0((y0lp(5))K') G 5h/(/)05h/(5) 

Let z € G*. By d), there is a filter 5^ on 

{ («;0l/2(rx5))^(t) I (^0^)*} 
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converging to {z(S>lp(^TxS))^{t s) so by the above 

{zmi2(^Txs))yt,s) e SwimSwig) ■ 

We get 

n{h) c SwimSwig), Swih) c SwimSwig) , 
Sw{h) = Sw{f)^Sw{g) ■ 

COROLLARY 2.2.12 Let n € IN and 

g;TxT^Un (En^nT , (s, t) ^ [Sijfis, t)],je]N„ 



a) {<S{f))n,n ~ S{g), II (/))„,„ ^ Suig) ■ 

h) Let us denote by p : S{g) — {S{f))n,n the isomorphism of a). For X G 
S{g), t G T, and ij £ JN^, 

{{pX\,)t = {Xt\, . 



a) Take F := ]K„,„ and S" := {1} in Proposition |2,2JJJ Then G w En,n and 
g:TxT — > Un , (s,t)i — >f{s,t)(^lF. 
By Proposition |2,2JJJ c) ,e) , 

S{g) ^ S if) (g>lKn,n - {S if ))n,n 

cS||.|| (5) «cS||.||(/)®K„,„«(5||.|| 



b) By Theorem [2X9] b), 



^3 



so 

T3 



set 



((pX)„-)t = (X^),,, 

by Theorem 12 . 1 . 91 a) . 
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COROLLARY 2.2.13 Let n e JN. // K = (D (resp. i/ n = 4™ for some 
m G in; then there is an f e F{ x Zr,,E) (resp. / G J"( (Z2 f'^,E)) such 
that 

n{f) = S{f) « Er,,n . 



By [CI] Proposition 7.1.4.9 b),d) (resp. [CI] Theorem 7.2.2.7 i),k)) there is 
a 5 G J"( Zn X Zn ,(D) (resp. g e F{ {Z2 )^™,IK)) such that 

S{g) ^(Cn,n (resp. S{g) ]K„,„) . 

If we put 

/ : ( Zn X Zn) X ( Zn X Z„) ^ Un , {s,t)^ g{s,t)^lE 

(resp. / : ( Z2 )2™ X ( Z2 )2™ ^ Un , {s, t) ^ g{s, t) ® 1e) 

then by Proposition[22H]a),e), f e F{Z^xZ^,E) (resp. / G -F( ( Z2 S)) 
and 

5(/) « 5(5) ^ « K„,„ ^ « . ■ 

COROLLARY 2.2.14 Let F be a unital C**-algebra, G := E®F, and 

h:T xT ^UnG\ {s,t) ^ f{s,t) (g) Ip . 
Then h G F{T, G) and 

5,|.,|(/i) «5||.||(/)®F, S{h)^S{f)®F. ■ 

COROLLARY 2.2.15 If E is a W*-algehra then the following are equivalent: 

a) E is semifinite. 

h) Sw{f) is semifinite. 



a ^ b. Assume first that there are a finite W*-algebra F and a Hilbert 
space L such that E F®C{L). Put 

g:TxT^UnF\ {s,t) ^ f{s,t) . 
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By Corollary [MUl 

Swif) ~ Sw{g)^C{L) . 
By Corollary 12. 1 . 1 1 1 c) . Swio) is finite and so Swif) is semifinite. 

The general case follows from the fact that E is the C*-direct product of 
W*-algebras of the above form ([T] Proposition V.1.40). 

b ^ a. E is isomorphic to a W*-subalgebra of Sw{f) (Theorem 12.1.91 h)) 
and the assertion follows from [T] Theorem V.2.15. I 

PROPOSITION 2.2.16 Let S,T be finite groups and g € F{S,S{f)) and 
put L := f{S), M := f{S x T), and 

h:{SxT)x{SxT)^ UnS{fY, ((si, ti), (s2, ta)) ^ /(^i, ^2)5(^1, S2) ■ 
Then h G T{S x T,S{f)) and the map 

{s,t)eSxT 

is an S{f)-C*-isomorphism. 

For X,Y £ S{g), Z G and {s,t) e S xT,hy Theorem [2X9] c) ,g) , 

= {{x*)s)t = {miXs-^r)t = msrx,-.r)t = 

= VO* = f{t)g{s)i{X,-r\-rr = 

(r,u)eSxT 

{r,u)eSxT res 

= lYg{r,r-'s)XrYr~is] = {{XY)s)t = , 
\res I t 

= {{ZX),\ = {{ZX),)t = {ZX,)t = Z{Xs)t = Z{^X)^,^,-^ 
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so 

ifiX*) = {ipXy , ifiXY) = {^X){ipY), ip{ZX) = Z^{X) 
and if is an 5(/)-C*-homomorphism. 

If X G S{g) with ipX = Q then for (s, t)e S xT, 

(X,)t = (99X)(,,j)=0, Xs = 0, x = o 

so ip is injective. 

Let X £ E and (s, t) £ S xT. Put 

Z := (x ® G , X:={Z0 U)F/ S 5(5) . 

Then for (r, u) G 5* x T, 

{(pX)(^j.,u) = (-'^rju = '5r,s-Z'u = Sr,sK,tX 

SO 

and if is surjective. I 

PROPOSITION 2.2.17 Let S be a finite subgroup of T and g := f\{S x S). 
We identify S{g) with the E-C**-subalgebra {Z e S{f) \ teT\S^Zt = 0} 
ofS{f) (CoronaryEXITle)). Let X G S{f)r\S{gY, P+ := X*X, and P_ : = 
XX* and assume P± G Pr S{f). 

a) P± G S{gY. 

b) The map 

V± ■■ S{g) P±S{f)P± , Y ^ P±YP± 
is a unital C'**-homomorphism. 

c) For every Z G (p+{S{g)), XZX* G ip-{S{g)) and the map 

iP : ^+{S{g)) ^ ^^{S{g)) , Z ^ XZX* 
is a C*-isomorphism with inverse 

ip.{S{g)) ^ ^+{S{g)), Z^X*ZX 
such that = tp o Lfj^. 
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d) If p G PrS{g) then 

{x{^+p)nx{^+p)) = ^+p, ix{iip+p)){xiip+p)r = ^.p 



e) If is injective then ip- is also infective, the map 

E^P±Sif)P±, x^P±{x®Ik)P± 

is an injective unital C**-homomorphism, P±S{f)P± is an E-C**-algehra, 
^±{S{g)) is an E-C**-subalgebra of it, and ip± and tp are E-C**-homo- 
morphisms. 

f) The above results still hold for an arbitrary subgroup SofT if we replace 
S by cS|j.|j. 

a) follows from the hypothesis on X. 

b) follows from a). 

c) Let Y G S{g) with Z = P+yP-^ . By the hypotheses of the Proposition , 

XZX* = XP+YP+X* = XX*XYX*XX* = 

= XX*YXX*XX* = P^YP^ G ^-i<S{g)) 
and ip IS a. C*-homomorphism. The other assertions follow from 

X*iXZX*)X = P+ZP+ = P+YP+ . 

d) By b) and c), 

{X{if>+p))*{X{Lp+p)) = {ip+p)X*X{if+p) = {ip+p)P+{ip+p) = if+p, 
{X{^+p)){X{^+p))* = X{^+p)[^+p)*X* = X{^+p)X* = ^^+p = . 

e) follows from b), c), and Lemma ll.3.2i 

f ) follows from Corollary 12.1.171 d) . ■ 

Remark. Even if (p± is injective P±S{f)P± is not an £'-C*-subalgebra of 
S{f). 
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THEOREM 2.2.18 Let S be a finite subgroup of T , L := 1^{S), g := f\{S x 
S), w : Z2 X Z2 —7- T an injective group homomorphism such that S nLjj{Z2 x 
Z2 ) = {!}, 

a:=u){l,0), b:=u){0,l), c:=oj{l,l), ai:=f{a,a), 02 :=/(&,&), 
/32 G Un E'^ such that ai/3f + a2/?2 = 0^ 

X := + (/32®lx)v/) , P+ := X*X , P_ := XX* . 

H^e assume f{s,c) = f{c,s) and cs = sc for every s £ S, and f{a,b) = 
—f{b,a) = 1e- Moreover we consider S{g) as an E-C**-subalgebra of S{f) 
(Corollary EXIT] e)). 

a) We have 

f[a,c) = -f{c,a) = ai, f{b,c) = -f{c,b) = -a2, /(c, c) = -0102 , 
7' = -«*i«2, V/ GSigy. 

b) We have 

P± = ]^{Vi ±{^®lK)Vf) G S{gYr\PrS{f), P+ + P-= V/, = 0, 

X2 = 0, XP+ = X, P^X = X, P+X = XP^ =0, X + X* £Un S{f) , 

Y G S{g) =^ XYX = . 

c) The map 

E^P±S{f)P±, x^{x01k)P± 

is a unital injective C**-homomorphism; we shall consider P±S{f)P± as 
an E-C**-algebra using this map. 

d) The maps 

: S{g) P+S{f)P+ , Y ^ P+YP+ , 
^_ : 5(g) P-Sif)P- , Y ^ XYX* 
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are orthogonal injective E-C**-homomorphisms and (^_|_ + ip- is an injec- 
tive E-C*-homomorphism. /f Yi,!^ G Un S{g) (resp. Yi,Y2 G Pr S{g)) 
then ipj^Yi + G UnS{f) (resp. (/?+li + (^_Y2 G Pr S{f)). Moreover 
the map 

Z^{X + X*)ZiX + X*) 
is an E-C**-isomorphism such that 

V'-^ = V , i^{P+s{f)p+) = P-SU)P. , ^oip+ = ip_. 

/f IK = (D then X + X* is homotopic to v/ inUn S{f) and is homotopic 
to the identity map of S{f). Using this homotopy we find that (p+Y is 
homotopic in the above sense to (p^Y for every Y G S(g) and (f+Yi + 
(P-Y2, ip-Yi + f+Y2, (p+{YiY2) + P-, and (^+(i2^i + P- o,re homotopic 
in the above sense for all Yi,Y2 G S{g). 

e) Let s E S such that sa = as. Then 

sb = bs, f{sc,c)f{s,c) = ~aia2, 
f{sa, c)f{c, sa)* = -1e , f{a, s)f{s, a)* = f{b, s)f{s, b)* . 

f) If sa = as for every s E S then the map 

5x(Z2xZ2)^T, {s,r)^s{ujr) 
is an injective group homomorphism. 

g) If T is generated by S U uj {Z2 x Z2 ) and sa = as for every s E S then 

and i/j- are E-C*-isomorphisms with inverse 

P±Sif)P± Sig), Z ^ 2^(Z,§U)y/ , 

ses 

where 

^. : S{g) P-S{f)P. , Y ^ P_yP_ . 

h) If sa = as and f{a,s) = f{s,a) for every s E S then X G S{gY, ip^Y = 
P-Y for every Y £ S{g), and there is a unique S{g)-C**-homomorphism 
(j) : S{g)2,2 such that 







X . 
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is injective and 



Vf 






vf 



i) If sa = as and f{a,s) = f{s,a) for all s £ S and if T is generated by 
S'Ua;(Z2 X 7,2) then (p is an S{g)-C*-isomorphism and 



Ie^Il 



'V/ 



-7*®1l 



» n 



-f3l U 



-13*2 II 

(/3i7*) ® U 



and for every s £ S 



Vf 




'vl 



--1 





vf 



vf 
K,^ 



j) The above results still hold for an arbitrary subgroup S ofTif we replace 
S with . 



a) By the equation of the Schur functions, 
/(a, a) = f{a, c)f{a, h) , f{a, b)f{c, a) = f{a, c)f{b, a) , f{a, b)f{c, b) = f{b, b) , 
f{b, a) fie b) = f{b, c)/(a, b) , f{a, b)f{c, c) = fia, a)f{b, c) 

and so 

"i=/(a,c), f{c,a) = -f{a,c) = -ai, /(c,6) = a2, 

-"2 = -/(c, b) = f{b, c) , /(c, c) = aif{b, c) = -0102 • 
For s € 5, by Proposition I2.1.2] b). 

V/V/ = ific,s)^lK)Vl = {f{s,c)^lK)Vl = V/V/ 

and so vj G Sigf (by Proposition [2X2] d)). 
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b) By Proposition [2X2] b),d),e) (and Corollary [2X22] c)), 

P+ = i(2F/ + ((a*/3i*/32)^li^)y/-((a;/32*/3i)gli,)y/) = ^(F/ + (7^1x)K^) , 
P_ = i(2\// + ((/3ia^/32*)glx)V;^-((/32a^/3i*)ilx)F/) = - (^gl;,)^/) . 

= i(y/±(7gU)y/) = p±, 

so, by a) again, P± G 5(c/)^ n PrS{f). By Proposition [2X2] b),d), 

X2 = i(((/32ai + /32a2)^U)y/ + mh)®lK){Vivf + F/f/)) = , 

{X + x*f = x'^ + XX* + x*x + x*2 = p+ + p_ = y/ . 

For the last relation we remark that by the above, 

XYX = X{P+ + P^)YX = XP+YX = XYP+X = . 

c) follows from b) and Lemma ll.3.2[ 

d) By b) and c), the map ip± is an ii^-C**-homomorphism. Let Y £ S{g) 
with ip±Y = 0. By b), Y = =F>"(7^1i^)V/ so by Proposition [2X2] b),d) and 
Theorem [2X9] b), 

^{YMkW/ = TYi^^lK)V/ = T j;((n7/(^,c))iU)l//e, 

which implies Yg = for every s G S (Theorem 1 2 . 1 . 9 1 a) ) . Thus 93-1- is injective. 
It follows that 93+ + ip- is also injective. 

Assume first Yi,Y2 G UnS{g). By b), 

((^+yi + ip^Y^fiip+Y^ + ip^Y^) = {^+Y* + ^_Y;){ip+Y^ + ip_Y2) = 

95 



= <p+(yi*yi) + v-{Y^Y2) = p+ + P- = v/ . 

Similarly + ip_Y2)iip+Yi + 99-^2)* = V/ . The case ^,^2 G i^r S{g) is 

easy to see. 

By b), is an £^-C**-isomorphism with 
ijj-^ = ijj, ijjP+ = {X + X*)X*X{X + X*) = XX* XX* = P_ . 
Moreover for Y G S{g)^ 

ipip+Y = {X + X*)P+YP+{X + X*) = XYX* = (f^Y . 

Assume now IK = C. By b), X + X* G Un S{f). Being sclfadjoint its 
spectrum is contained in {— 1,+1} and so it is homotopic to V/ in Un S{f). 

e) We have sb = sac = asc = acs = bs. By a), 

f{s, c)f{sc, c) = f{s, l)/(c, c) = -aia2 , 

f{s, a)f{sa, c) = f{s, b)f{a, c) = aif{s, b) , 
f{c, as)f{a, s) = f{c, a)f{b, s) = -aif{b, s) , 
f{c, bs)f{b, s) = f{c, b)f{a, s) = a^fia, s) , 
f(s, c)f{sc, b) = /(s, a)/(c, b) = 02/(5, a) , 
f{c,s)fics,b) = fic,sb)fis,b) 

so 

f{sa, c)f{c, as)* = -f{s, b)f{s, a)*f{b, s)*f{a, s) = 
= -fic,s)f{cs,b)f{c, sb)*a2f{s,c)*f{sc, b)*ay{c,bs) = -1e ■ 

Prom 

/(s, c)/(sc, a) = f{s, b)f{c, a) , f{c, a)f{b, s) = f{c, as)f{a, s) , 
f{c,s)f{cs,a) = f{c,sa)f{s,a) 

we get 

f{a,s)f{s,a)* = f{b,s)f{s,b)*. 
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f) Since S and uj{Z2 x Z2 ) commute, the map is a group homomorphism. 
If s{u}r) = 1 for (s,r) G 5 X (Z2 X Z2) then ur = s^^ e S noj{Z2 x Z2 ), which 
imphes s = 1 and r = (0, 0). Thus this group homomorphism is injective. 

g) By e) and the hypothesis of f), for every t G T there are uniquely s £ S 
and d G {l,a,6,c} with t = sd. Let Z G P±S{f)P±. By b) and Theorem[2X9] 
b) (and CoroharylOZld)), 

z = ±{j^Ik)zv/ = ±(7^u)y/ z 

By Proposition [2X2] b), 

ZV/ = Y,iiZsf{s,c))mK)Vl + Y,iiZsafisa,c))^lK)vl+ 
s&s ses 

+ Y^iiZsbfisb, c))^1k)vI + Y,{{Zscf{sc, c))^Ik)v! , 
Viz = ^((/(c, s)Zs)®Ik)VI + Y^iifi^, sa)Z,a)^lK)vi+ 

s&S s&S 

+ J^((/(c, sb)Zsb)^lK)Vl + J^((/(c, sc)Zsc)^1k)V/ 
ses ses 

and so by Theorem 12.1.91 a) , 

Zs = ±7f{sc, c)Zsc = ±7f{c, sc)Zsc , 

Zsc = ^lf{s, c)Zs = ±-ff{c, s)Zs , 

Zsa = -^lf{sb, c)Zsb = ±7/(c, sb)Zsb , 

Zsb = ^lf{sa, c)Zsa = ±7f{c, sa)Zsa • 

By e), Zsa = Zsb = for every s £ S. We get (by a), d), and Proposition 12.1.2] 
b)) 

(^±(2^(Z,glL)y/) = Y,iZs^lK)V/ ± {-f^lK)V/Y,{Zs^lK)V/ = 
= Y.iZs^'^KWl ± J;((7/(C, s)Zs)^lK)Vsi = 

ses ses 

= ^{Zs01k)V/ + ^{Zsc0lK)Vsi = Z . 
ses ses 
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Thus Lp± is an £'-C*-isomorphism with the mentioned inverse. 

h) is a long calculation using e). 

i) follows from h). 

j) follows from Corollary 12. 1 . 1 7l d) . I 

Remark. An example in which the above hypotheses are fulfilled is given in 
Theorem 11X71 



2.3 The functor S 



Throughout this subsection we assume T finite 



In this subsection we present the construction in the frame of category 
theory. Some of the results still hold for T locally finite. 

DEFINITION 2.3.1 The above construction ofS{f ) can he done for an arbi- 
trary E-module F, in which case we shall denote the result by S{F). Moreover 
we shall write instead of v/ in this case. 

If F is an i5^-module then S{F) is canonically an ii^- module. If in addition 
F is adapted then S{F) is adapted and isomorphic to S{F,F). If F is an 
-E-C*-algebra then S{F) is also an S-C*-algebra. 

PROPOSITION 2.3.2 IfF,G are E-modules and ip : F ^ G is an E-linear 
C*-homomorphism then the map 

S{ip):S{F)^S{G), 

tes 

is an E-linear C*-homomorphism, injective or surjective if is so. 

The assertion follows from Theorem 12. 1.91 a) .cl.g). I 
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COROLLARY 2.3.3 Let Fi, F2, F3 be E-modules and let Lp : Fi ^ F2, 

ip : F2 ^ F3 be E-linear C*-homomorphisms. 



a) ° <S{(p) = S{ip o ip). 

b) If the sequence 



— > Fi F2 — ^ -F3 
is exact then the sequence 

0^S{F,)'nSiF2)'^S{Fs) 

is also exact, 
c) The covariant functor S : TIe ^ is exact. 

a) is obvious. 

b) Let Y £ KerS^ip). For every t £ T,Yt £ Kerip = Irmp. If we identify 
Fi with Irrup then Yt £ Fi. It fohows Y E ImS{ip), KerS{tp) = ImS{ip). 

c) fohows from b) and Proposition I2.3.2[ ■ 

COROLLARY 2.3.4 Let F be an adapted E-module and put 

i-.F — >F, XI — ^(0,2;), 

TT : F — > E , (a, x) 1 — > a , 
A:^ — >F, a I — > {a,0) . 

Then the sequence 

S{F) ^ S{F)iS)S{E) 
is split exact. I 



PROPOSITION 2.3.5 The covariant functor S : TIe ^ TIe (resp. S : 
— )• (Proposition 12.3^ Coroharv 12.3.31 a)) is continuous with respect to 
the inductive limits (Proposition 11.2^ a) .b)) . 
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Let {{Fi)ifzj, be an inductive system in the category TIe (resp. 

and let {F, ((/?,) jg/} be its limit in the category TIe (resp. ^e)- Then 
{{S{Fi))i^j, {S{ipij)ij^i)} is an inductive system in the category TIe (resp. 
^e)- Let {G, {ipi)i^j} be its limit in this category and let ip : G ^ '5(F) be 
the F-linear C*-homomorphism such that o V'i = 'Sifi) for every i G L In 
the case, for a G F and i £ I, 

ip{a (g) Ik) = ip o il;i(a (g) Ik) = {S{(fi)){a (g) Ik) = a(g)lK 

so that is an £'-C*-homomorphism. 

Let i £ I and let X G KerS{(pi). Then (fiiXt = for every t £T. Since T 
is finite, for every e > there is a j G /, j > i, with 



GardT 



for every t £ T. Then 



mip,i))x\ 



^(((p,,Xi) » Ik)v/ 

teT 



< e 



It follows 



hX\\= .inf ||(5((^,,))X||=0. 



V'iX = 0, XGKeripi, KerS{ipi) C Keripi 
By Lemma ll.2.8l V is injective. Since 

\^ ImS{ipi) C Imtj^ , 



Imip is dense in S{F). Thus is surjective and so an F-C*-isomorphism. 



PROPOSITION 2.3.6 Let 9 : F ^ G be a surjective morphism in the cate- 
gory (t^. We use the notation of Theorem 12.2.181 and mark with an exponent 
if this notation is used with respect to F or to G. For every Y G Un S{g^), 
there is a Z € S{g^) such that 

z*z = pl, s{e)z = ^^Y. 
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By Proposition 12.3.21 c). S{6) is surjective and so there is a G S{g^) with 
\Zo\\ = l and S{e)Zo = Y. Put 

Z:=P^Zo + X^il-Z*Zo)^ . 



By Theorem [2231] b), 

Z*Z = P^Z*Zo + (1 - Z*Zo)h{X^)*X^{l - Z*Zo)3 = 
= P^Z*oZo + P^il - Z*oZo) = P^ . 

Since 

s{e){i - Z^Zo) = 1 - Y*Y = 

we get 

S{e){l - Zo*Zo)5 = , S{9)Z = P^Y = if^Y 



PROPOSITION 2.3.7 Let F be an adapted E-module and fl a locally com- 
pact space. We define for X G S{Co{il, F)) (see Corollary 11.2.51 d)) and Y G 

Co(.n,s{F)), 

^X :n^S{F), u;^^{Xt{oj)^lK)Vf , 



i^Y := Y^{Y{.)t IkK 
Then 

^■.s{Coin,F)) ^Coin,s{F)), 

: Coin, S (F)) (Coin, F)) 
are E-linear C*-isomorphisms and ip = ip~^ . 

Let ujQ £ Q and assume F is an E-C*-algebra. Then the above maps if and 
induce the following E-C*-isomorphisms 

s{{ X G Coin, F) I xiujo) G ^ }) ^ { y G Coin, 5(f)) I y ((Jo) g siE) } . 



Let X,X' G 5(Co(0,F)) and Y,Y' G Co(J^,5(F)). By Proposition [2T23]b) 
and Corollary ETTO] a), 

ifX G Coin, siF)) , ipY G siCoin, f)) 
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and it is easy to see that (p and ip are linear. By Theorem 12.1.91 c).g). for 
t £ T and w € il, 



Y,f{s,s-H)Xs{io)X'^-,,{u;) = lY.f{s,s-H)XsX'^. 

seT \seT 



{xx'Uu) = {Mxx')){u)\ 



so 



iipxy = ^x* , iipx)i^x') = ^{xx') 

and 93 is a C*-homomorphism. Similarly 

iii;Y){ijY'Mu) = (Y,f{s,s-H)ii;YUi;Y%-^A (u) = 
VseT / 

= J2 /(^' s-h)ii;Y)sioj)i^Y'),-.t{u) = fis, s-h)Y{u)sY\u),-i, = 
= {Y{u;)Y'{u)), = mYY%)iu;) 

so 

tpY* = (ipY)* , {i;Y){i}Y') = i}{YY') 
and ip is a C*-homomorphism. Moreover 

ii^^XUu) = {{^X){oj))t = Xt{uj) , {{ipW){^))t = imtic^) = iY{u^))t , 
so ipipX = X and ipipY = Y which proves the assertion. 

The last assertion is easy to see. I 

PROPOSITION 2.3.8 Let F be an adapted E-module, 

— > F ^ F ^ E — ^0, 
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the associated exact sequences (Proposition 1 1 . 2 ."^ h) ) . and 
j:E^ SiE) , a ^ (a 1k)V^^ , 

Then ip is an injective E-C*-homomorphism and S{tt) o (p = j o ttq. I 

PROPOSITION 2.3.9 // E is commutative and F is an E-module then the 
map 

LP ■ S[E) ®F ^ S{F) , X^x^ ^{{Xtx) lK)Vf 

teT 

is a surjective C*-homomorphism. If in addition £' = IK then ip is a C*- 
isomorphism with inverse 

: S{F) ^ S{E) ® F , y^^(y/^y,). 

It is obvious that is surjective. For X,Y ^ S{E) and x,y £ F, by Theorem 
12X9] c),g) and Proposition [2X2] b),d),e), 

^{{X ® x)*) = <p{X* (g) x*) = ^i{iX*)tx*) lK)Vf = 

= ^((/(t)(x,-o*x*) ® iK)vf = Y^m.-^Yx*) iKwf.^r = 
= ^ iK)ivfr = i^{x x)r , 

teT 

ip{X x)ip{Y (S)y)=J2 i(^sxYty) lK)Vfvf = 
s,teT 

= J2i(f(^^t)XsxYty)'glK)Vj- =YY{{f{s,s-'r)X,Y,-^,xy)(glK)Vf = 

s,teT reT seT 

= Y{{{XY)rXy) ® lK)Vf = p{{X 0x){Y^ y)) 
SO is a C*-homomorphism. 
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Assume now E = JK and let X eS{E) and x e F. Then 




which proves the last assertion (by using the first assertion). ■ 

3 Examples 

We draw the reader's attention to the fact that in additive groups the neutral 
element is denoted by and not by 1. 

3.1 T-.^la 

PROPOSITION 3.1.1 

a) The map 

i::F{Z2,E)^UnE'', / ^ /(1, 1) 
is a group isomorphism, 
h) V'({5A| AG A(Z2, £;)}) = { x2 I xeUnE"]. 

c) If there is an x ^ E'^ with x^ = /(1, 1) (in which case x E Un E'^) then 
the map 

ip:S{f)^ExE, X ^ {Xo + xXi,Xo-xXi) 
is an E-C*-isomorphism. 

d) 7/ IK =(D and if A is a connected and simply connected compact space or 
a totally disconnected compact space then for every x & Un C{A) there is 
aye C{A,(D) with x = e^ . 

e) Assume IK = IR. 
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ei) There are uniquely p, g G Pr E'^ with 

p + q=lE, pf{l,l)=p, qf{l,l) = -q. 

62) The map 

o 

if : S{f) ipE) X {pE) X X^X, 

o 

where qE denotes the complexification of the C*-algebra qE and 

X := {p{Xo + Xi),p{Xo - Xi), {qXo,qXi)) 

for every X G ^{f), is an E-C*-isomorphism. In particular if 
/(1, 1) = —1e then S{f) is isomorphic to the complexification of 
E. 

f) Assume IK = (D, let cr{E'^) be the spectrum of E'^, and let fn be the 
function of C{a{E'^),(D) corresponding to fn by the Gelfand transform. 
Then 

{e''\eeM, e^^' eM{a{E'^))] 
is the spectrum of Vi . 

a) follows from Proposition 11.1.21 a) (and Proposition 11.1.41 a) ) . 

b) follows from Definition 11.1.31 

c) For X,Y eS{f), by Theorem [2X9] c),g) (and Proposition [TO] a)), 

{X*)o = [XoT , (X*)i = {x* f{Xir , 
{XY)o = XoYo + x^XiYi , (Xy)i = XoYi + X^Yq , 

so 

ip{x*) = {{XoT +x{x*)\x^r,{Xor - x{x*f{x,r) = 

= {{XoT + x*{Xir , {XoY - x*{Xir) = {ipxy , 

{ipX){^Y) = {{Xo + xXi)iYo + xYi), (Xo - xXi){Yo - xY^)) = 
= (XoYo + xXoYi + xXiYo + x'^XiYuXqYq - xXqYi - xX^Yq + x^XiYi) = 



105 



= {{XY)o + x{XYh, iXY)o - x{XYh = ^{XY) 
i.e. if is an £^-C*-homomorphism. (/? is obviously injective. 



Let {y, z) € E X E. If we take X £ S{f) 
Xo:=^{y + z), Xi 
then ipX = {y,z), i.e. ip is surjective. 
d) is known. 

ei) fohows by using the spectrum of £"^. 
62) Put 

O 

V':5(/)^'^E, X^{qXo,qXi). 
For X,Y GS{f), by Theorem [2X9] c),g), 

^(X*) = {q{X*)o,q{X*)i) = {q{Xor,qf{hinX^r) = 

= {{qXor,-{qx^r) = mr, 

{^X){ijY) = {qXo,qXi){qYo,qYi) = 

= {q{XoYo - X,Y,), {q{XoY, + X,Yo))) = ^{XY) 

so ip is an S-C*-homomorphism. Thus by c), (p is an £'-C*-homomorphism. 
The bijectivity of (p is easy to see. 

f) By Proposition 12.1.2] e). Vi is unitary so its spectrum is contained in 
{e''^ \ G ]R}. For G ]R and X G S{f), 

(e^Vo - Vi)X = X{e'' - Vi) = 

= {{e'^Xo) ® Ik)Vo + ((e^'Xi) 1k)Vi - {Xq 1k)Vi - ((/nXi) ® Ik)Vi = 

= {{e^'Xo - hiXi) 1k)Vo + {{e'^Xi - Xq) 1k)Vi . 

Thus X is the inverse of e'^^Vo - Vi iff Xq = e'^ Xi and c^^Xq - fuXi = Ie, i.e. 
(e^*^ - hi)Xi = Ie- Therefore c'^Vq - Vi is invertible iff e^'^ - /Ti does not 
vanish on a{E'^). I 



with 

:= ^x*{y - z) 
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COROLLARY 3.1.2 Assume IK := ]R and let S be a group, F a unital C*- 
algehra, g G J^{S,F), and 

h:iSxZ2)x{SxZ2)^UnF', ((s^, t^), (^2, ta)) ^ 

-9{S1,S2) if (tl,t2) = (1, 1) 

g{si,S2) if (ti,t2) / (1,1) ■ 



a) h£ T{S X Z2,F). 

o o 

b) S{h)^S{g), 



Put E := IR in the above Proposition and define / G J-{ Z2 , IR) by /(1, 1) = 
— 1 (Proposition 13.1.1] a)). By this Proposition 62), S{f) «(D. Thus by Propo- 
sition EXIU c) ,e) , 



S{h) « S{g) S{f) « S{g) , S\^.\^ (h) « {g) cS|,.|, (/) « cS|,.|, {g) 

DEFINITION 3.1.3 We put 

T := { z G<D I \z\ = l} . 

EXAMPLE 3.1.4 Let E := C(T,(D) and f eT{Z2,E) with 

/(1,1) :T ^ C/n(D, z^z. 

If we put 

X:T — z ^ Xo{z^) + zXi{z^) 
for every X G 5(/) then the map 

ip:S{f)^E, X^X 

is an isomorphism of C*-algebras (but not an E-C*-isomorphism). 
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For X,Y £ S{f), by Theorem [2X9] c) ,g) , 



(x*)o = (Xor, (x*)i = /(i,i)(Xir, 

{XY)o = XoYo + /(I, l)Xiyi, (Xy)i = XoYi + XiYo 



so for z G T, 



X*(z) = Xo*(z2) + zz^XUz^) = Xo(z2) + = X*{z) , 

{X{z)){Y{z)) = (Xoiz^) + zXi{z^)){Yo{z^) + zYi{z^)) = 
= Xoiz^)Yo{z^) + zXo{z^)Yi{z^) + zXi{z^)Yo{z^) + z^ Xi{z^)Yi{z^) 
= {XYUz^) + z{XY)i{z^) = XY{z) , 
X* = X* , XY = XY , 
i.e. if is a C*-homomorphism. If (pX = then for z G T, 

Xo{z^) + zXi{z^) = 

so, successively, 

Xo(z2)-zXi(z2) = 0, Xo(z2) = Xi(z2) = 0, Xo = Xi = 0, X 
and ip is injective. 

Put 



Let 



X := ^ CfcZ^ G a 



and take X G with 



Xo := J] C2fcz'=, Xi := ^ C2fc+iz^ 



Then 



2k 



so ^ C (p{S{f)). Since ^ is dense in E, ip{S{f)) = E and (/? is surjective. 
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DEFINITION 3.1.5 For every x G C(T,(D) which does not take the value 
we put 

w{x) := winding number of x := - — : [ — = - — :[log a;(e*^)]gZQ'^ G Z . 



If ^ is a connected compact space and 7 is a cycle in A (i.e. a continuous 
map of T in A), which is homologous to (or more generally, if a multiple of 7 
is homologous to 0), then for every x G C{A, C/n(D) we have w{x o 7) = 0. If A 
is a compact space and x £ C{A, Un (D) such that w{x o 7) = for every cycle 
7 in A then there is a y G C(A,I!) with x = . 



EXAMPLE 3.1.6 Let E := C(I,(C), f e J^{Z2 ,E), and n := w{f (1,1)). 

a) If n is even then there is an x £ Un E with winding number equal to ^ 
such that the map 

S{f)^ExE, X ^ {Xo + xXi,Xo-xXi) 

is an E-C*-isomorphism. 

h) If n is odd then S{ f) is isomorphic to E. 

c) The group J- {7i2 , E)/A(Z2 , E) is isomorphic to Z2 and 

Card{{S{g) \ g € T{Z2 , E)}/^s) = 2 . 

d) There is a complex unital C*-algebra E and a family (//3)/3gsp(]N) J~i Z2 , E) 
such that for distinct /3,7 G *P(IN), 5(//3) 96 S{f^). 



Put 

a : T — > Un (D , z 1 — > z . 
Since w{f{l, l)a~") = 0, there is a y £ Un E with w{y) = and /(I, l)a~^ = 

a) If we put X := ya^ then w{x) = ^ and /(1, 1) = x^ and the assertion 
follows from Proposition 13 . 1 . D c) . 
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n-1 



b) We put X := ya 2 . Then = ax^. Take g G F{7i2,E) with 
5(1,1) = Q and A G A(Z2,£;) with (5A)(1,1) = (Proposition EH] a), b)). 
Then / = g5\. By Example 13.1.41 5((7) is isomorphic to E and by Proposition 
I2.2.2l ai 02, 5(/) is also isomorphic to E. 

c) follows from Proposition 13. 1 . 1] b) and Proposition 12 . 2 . 2] a) .c) . 

d) Denote by E the C*-direct product of the sequence (C(T,<D„^„))„g]N and 
for every j3 G {0, 1}^ define fp G -F( Z2 , E) by 

By a) and b), for distinct /3,7 G {0,1}^, 5(/^) 96 S{f^) (Proposition [2X26] 
a)). ■ 



EXAMPLE 3.1.7 Let I, J be finite disjoint sets and for all i G I U J and 

j G J put Ai := Bj := T. We define the compact spaces A and B in the 
following way. For A we take first the disjoint union of the spaces Ai for all 
i £ I L) J and identify then the points 1 G for all i G / U J. For B we take 
first the disjoint union of all the spaces Ai for all i G I U J and of the spaces Bj 
for all j €z J and identify first the points 1 £ Ai for all i £ I L) J and identify 
then also the points —1 G Ai for all i £ I and 1 £ Bj for all j £ J. 



Let E := C{A,(D) and f £F{Z2,E) with 
f{l,l) : A^Un(D, 



z if z £ Ai with i £ I 
1 if z £ Ai with i £ J 

For every X £ S{f) define X £ C{B,(£) by 

{Xq{z'^) + zXi{z'^) if z £ Ai with i £ I 
Xo{z) + Xi{z) if z £ Ai with i£ J . 
Xq{z) - Xi {z) if z £ Bj with j £ J 

Then the map 

if.Sif) ^C{B,(D), X^X 
is an isomorphism of C*-algebras. 

Let X,Y £ S{f). By Theorem [2X1 c),g), 



(X*)o = (Xor, (X*)i = /(1,1)(X 
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{XY)o = XoYo + /(I, l)XiYi , {XY)i = X^Y^ + XiYo . 
For z e Ai with i e I, 

X*{z) = {X*)o{z') + z{X*),{z') = X^ + zz^X^i^) = 

= Xo{z^) + zXi{z^) = {Xnz), 
X{z)Y{z) = (Xo(z2) + zX,{z'')){Yo{z'') + zY.iz'')) = 

= Xo{z^)Yo{z^) + zXo{z^)Yi{z') + zXi{z^)Yo{z^) + z^Xi{z^)Y^iz^) = 
= {XYUz^) + z{XY)i{z^) = XY{z) . 
For z & Aj oi z & Bj with j G J, 

X*{z) = {X*)o{z) ± {X*Uz) = ^oR ± = {Xriz) , 

X{z)Y{z) = {Xo{z) ± Xi{z))(Yo{z) ± Yi{z)) = 
= Xo{z)Yo{z) ± Xo{z)Yi{z) ± Xi{z)Yo{z) + Xi{z)Y^{z) = 
= {XY)o{z)±{XY)i{z)=XY{z) . 
Thus (fi is a C*-homomorphism. Assume X = 0. For z e A^ with i e I, 

Xo{z'^) + zXiiz'^) = 

so, successively, 

Xoiz^) - zXi{z^) = , Xoiz^) = Xi{z^) = , X{z) = . 
For z G Aj with j G J, 

r Xo{z) + Xi{z)= 
\ Xo{z) - Xi{z)= ' 

so 

Xo{z) = X,iz) = , X{z)=0. 

Thus if is injective. 

Let X G C{B,(D) such that for every i E I there is a family {ci^k)ke'Z G ^^'^ 
with 

feez; 
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for all z E Ai. Define Xo,Xi E E in the following way. If z E Ai with i E I we 
put 

-'^o(^) := X] '^h'ikz'' , Xi{z) := ^ Ci^2k+iz'' ■ 

If z G Aj with j & J then we put z' := z E Bj, 

Xoiz) := ^{x{z) + x{z')) , X,{z) := ^{x{z) - x{z')) . 

It is easy to see that Xq and Xi arc well defined. Then 

X{z) = J2 Ci,2kz'^'' + ^h-ik+iz^^ = 
ke'Z kew. 

for all z £ Ai with i £ I and X{z) = x{z) for all z £ AjL) Bj with j G J. Since 
the elements x of the above form are dense in C(i?,(D), (p is surjective. I 



EXAMPLE 3.1.8 Let E := C(T^<D) and f,g£ F{Z2,E) with 

r /(1,1) :T2— >[/n<D, {zi,Z2)^zi 
\ 5(1,1) :T2^C/nC, {zi,z2)^Z2 " 

Then the maps 

r S{f)^E, X^Xo{zlz2) + ziXi{zlz2) 
\ S{g) ^E, X^ Xo{zi,zi) + Z2Xi{zi,zi) 

are isomorphisms of C*-algebras. 

Remark. S{f) and S{g) are isomorphic but not £^-C*-isomorphic. 

EXAMPLE 3.1.9 Let E := C(l'^,€) and f eT{Z2,E) with 
f{l,l)■.^^ ^Un(D, {zi,Z2)^ziZ2. 

If we put 

X : ^ C , {zi,Z2) ^ Xo{zl zl) + ^1^2^1(2?, zl) 
for every X G S{f) then the map 

ip:S{f)^E, X^X 
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is an injective unital C*-homomorphism with 

ip{S{f)) =g := {x £ E \ (21,22) GT^ ^> x{zi,Z2) = x{-zi,-Z2) } 
In particular S{f) is isomorphic to E. 

Let X,y G S{f). By Theorem [2X1 c),g). 



(x*)o = (Xor, (x*)i = /(i,i)(Xir, 

(Xy)o = Xoyo + /(I, , {XY)i = X^Yi + XiFo 

so for (21,22) S T^, 

X*(2i, 22) = Xo*(22, z|) + 21222222X1* (2?, zl) = 



= Xo{zl,zl) + ZlZ2Xl{zf,Z^) = X{ZI,Z2) , 
(X(2i,22))(y(2l,22)) = 

= {Xo{zl zl) + 2122X1(2?, zI)){Yq{zI, zl) + 2122^1(21^, zl)) = 
= Xo{zlzl)Yo{zj,zl) + ziZ2Xo{zj,zl)Yi{zlzl)+ 
+2122X1(2?, zl)Yo{zl zl) + zlzlXi{zlzl)Yi{zl zl) = 
= {XY)o{zlzl) + ziZ2iXY)i{zlzl) = Xy(2l,22) , 
i.e. If is a. unital C*-homomorphism. If X = then for (21, 22) E T^, 

Xo(2?, zl) + 2122X1(2?, zl) = 

so, successively, 

Xo(2?, zl) - 2122X1(2?, zl) = , Xo(2?, zl) = Xi(2?, zl) = , 
Xo = Xi = , X = 

and (f is injective. 

The inclusion S{f) C ^ is obvious. Let {aj^k)j,ke'E, {bj^k)j,ke'Z G (C^^^'^^ and 



113 



Define 

j,kew. j,ke'Z 
Then X = x. Since the elements of the above form are dense in Q, ip{S{f)) = Q. 

If we consider the equivalence relation ~ on T'^ defined by 

(21,2:2) ~ iwi,'W2) :<S=^ Zi = -Wi, Z2 = -W2 

then the quotient space T'^/ ~ is homeomorphic to T^. Thus S{f) is isomorphic 
to E. ■ 

EXAMPLE 3.1.10 Let E := C(l'^,(D). 

a) For X G Un E and z G T, w{x{ ■ , z)) and w{x{z, ■ )) do not depend on z, 
where w denotes the winding number (Definition I3.1.5| ). 

b) If X £ Un E and if 

w{x{-,l)) =w{x{l, •)) = 
then there is a y £ Un E with x = y'^. 

c) Let f £ T{ 7i2 , E) and put 

a:T^T2, z^{z,l), /3 : T ^ , z^{l,z), 

m:=«;(/(l,l)oa), n := u;(/(l, 1) o /3) . 

ci) If m + n is odd then S{f) is isomorphic to E. 

C2) If m and n are even then S{f) is isomorphic to E x E. 

C3) If m and n are odd then S{f) is isomorphic to E. 

d) The group J^(Z2 ,£')/A(Z2 ji?) is isomorphic to Z2 x Z2 and 

Card{{S{f) I /G^(Z2,i?)}/«5)=4. 



114 



a) follows by continuity. 

b) follows from a). 

c) Let 5 G J"( Z2 , with 

5(1,1) :T2^C/n(D, (zu Z2) ^ z'T ■ 

Then 

'w{g{l, 1) o a) = m , w{g{l, 1) o /3) = n . 

By b), there is an x G Un E with /(1, 1) = x'^g{l,l). By Proposition 13.1.1] b) 
and Proposition [2r22] ffli =^ 0.2, ^{f) ~ S{g). 

ci) Assume m even and put 

If /i G J"( Z2 , S) with 

/i(l,l) ^ C/n(D, (21,22)^^2 

then g{l, 1) = y^/i(l, 1). By Proposition l3.1.1l b) and Proposition l2.2.2l ai =^ 02, 
5(5) 5(/i) and by Example EXH] ai 02, cS(/i) Thus 5(/) w 

C2) If we put 

y:T2^[7n<D, (zi, 23) ^ 22"^ 
then (7(1, 1) = and the assertion follows from Proposition 13. 1 . 1] c) . 

C3) We put 

m— 1 n— 1 

yiT^^C/nC, (21,22)^^1' ^2' 

and take h £ T{ Z2 , E) with 

/i(l,l) :T2 ^ [7n(D, (21,22)^^122 

then (7(1, 1) = y^h{l, 1) so by Proposition 13. 1 . 1] b) and Proposition 12.2.2] ai =^> 
a2, S{g) ^ S{h). By Example [333] 5 (/i) ~ E, so S{f) ^ E. 

d) follows from b). Proposition 13. 1 . 1] b) . and Proposition 12.2.2] a).c). I 
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Remark. In a similar way it is possible to show that for every n £ IN, 
T{ Z2 ,T") /A( Z2 ,T") is isomorphic to ( Z2 )" and 

Card ({ I / G ^( Z2 , T") } / ^5) = 2" . 

EXAMPLE 3.1.11 Let I,J,K be finite pairwise disjoint sets and for every 
i G I U J U K and k € K put Ai := := T^. We define the compact spaces 
A and B in the following way. For A we take first the disjoint union of the 
spaces Ai with i G I U J U -fC and then identify the points (1, 1) G Ai for all 
i G I yj J yj K . For B we take first the disjoint union of the spaces Ai with 
i £ I U J U K and of the spaces B^ with k G K. Then we identify the points 
(1,1) G Ai for all i G I L) JL) K and then we identify for every j £ J the points 
(21,22) G Aj with the points {—21,-22) G Aj and finally we identify the points 
(— 1, 1) G Ai for all i £ I L) J with the points (1, 1) G Bk for all k G K . 

Let E := C{A,^^) and f e T{Z2,A) such that 

{zi if {zi, 22) G Ai with i £ I 
Z1Z2 if {^1,22) G Ai with i £ J 
1 if {zi, Z2) G Ai with i £ K 

We define for every X G S{f) a map X : — )• (D by 

if {21,22) G Ai with i £ I 

if {zi,22) £ Ai with i £ J 

if {zi, Z2) £ Ai with i £ K 

if {zi, 22) £ Bk with k £ K 

Then the map 

S{f)^C{B,(C), X^X 
is an isomorphism of C*-algebras. 

The proof is similar to the proof of Example 13.1.71 I 

EXAMPLE 3.1.12 Ifn£m,E:= C(T",C), and f £ J"(Z2 ,C(T",<D)) then 
S{f) is isomorphic either to C(T",(D) or to C(T",C) x C(T",C). ■ 



Xo{2l22)+ 2lXi{2i,22) 
Xo{2j, 2^) + 2i22Xi{2f, 2^) 
Xo{2i,Z2) + Xi{2i,22) 
Xo{2i,Z2) - Xi{2i,22) 
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EXAMPLE 3.1.13 Assume E := C(A,(D), where A denotes Moebius's band 
(resp. Klein's bottle), i.e. the topological space obtained from [0, 27r] x [— tt, tt] 

by identifying the points (0, a) and (27r, —a) for all a G [— 7r,7r] (resp. and the 
points {0,—tt) and {9,7r) for all 6 G [0, 27r]^. We put B := T x [— tt, vr] (resp. 
B :=T2; and 



X : [0, 2tt] X [-TT, tt] — >€, {9, a) 
for every x & E. 



x{2e,a) if 6'G[0,7r] 

x{2{e -7r),-a) if e e [7r,27r] 



a) X is well-defined and belongs to C(5,(D) for every x E E. 

b) If fi,i{9,a) = e'^ for all {9, a) G [0, 27r] x [— tt, tt] then the map 

if : Sif) C{B,(D) , X^Xo + e''X, 
is a C*-isomorphism. 

c) Let x G Un E. If w{x{ • ,0)) =0 (where w denotes the winding number) 
then there is a y E E with e^ = x. 

d) Let X G Un E and put n := w{x{ - Then there is a y E E with 

g2/ _ ^—inOrj^ 

e) The group T(JLi , A)/A(Z2 , A) is isomorphic to Zq ■ 

f) If w{f ,0)) is even (resp. odd) then >?(/) is isomorphic to E x E 
(resp. ioC{B,(D)). 

a) For a G [— tt, tt], 

x{7r, a) = x{27r, a) = x(0, —a) = x{7r, a) 
so X is well-defined. Moreover 

x(0, a) = x{0, a) = x{27r, —a) = x(27r, a) 

and in the case of Klein's bottle 

r x{9,-7r) =x{29,-7:) = x{29,tt) = x{9,7:) if 9 £ [0,7r] 

1 x{9, -tt) = x{2{9 - vr), vr) = x{2{9 - tt), -tt) = x{9, tt) if ^ G [tt, 27r] 
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i.e. X G C(S,<D). 

b) For X,y G S{f) and {9, a) G [0,27r] x [-7r,7r], by Theorem [2X9] c),g), 



{X^Y{e,a)+e'\e-'\X^r){e,a) 



Xo{20, a) + e'%e-^'^Xi{2e, a)) if G [0, tt\ 



Xo(2(^-^),-a) + e^^(e-2^(^-^)Xi(2(0-^),-a)) if 0G[7r,27r] 



Xo(20,a) + e*«Xi(20,a) if G [0, ^] 



[ Xo(2(0-7r),-a) + e*^Xi(2(e-7r),-a) if eG[7r,27r] 

= {X^ + e''Xi){Y^ + e''Yi) = X^Yo + e''X^Yi + e''Xi% + e^^'XiYi , 

ip{XY) = {XY)^ + e''{XY)i = 
= %% + e^''X{Y\ + e'\XoY\ + %%) = {^X){^Y) , 
i.e. (/9 is a C*-homomorphism. If (pX = then for a G [— 7r,7r], 

r Xo(20,a) + e^^Xi(20,a) = if 0G[O,7r] 

\ Xo(2(0-7r),-a) + e^^Xi(2(0-7r),-Q) = O if eG[7r,27r] 

so for G [0, vr], replacing 6 hy + ir and a by —a in the second relation, 

Xo{2e,a) -e'^Xi{29,a) = . 

It follows successively 

Xo{2e,a) =Xi{26,a) = 0, 
Xo = Xi = , X = 0. 

Thus (/9 is injective. 

Let y G C(S,(D). Put 

f : [0,27r] X [-7r,7r] ^<D, (0, q) ^ a) + y(| + ^, -q)) 

I : [0,27r] X [-7r,7r] ^C, (0, a) ^ ie'^ a) - y(| + vr, -a)) 
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For Q G [— TT, tt], 

Xo{0,a) = i(y(0,a)+y(7r,-a)) 
Xo(27r, -a) = ^(y(7r, -a) + y(27r, a)) 

Xi(0,a) = i(y(0,a) -y(7r,-a)) 
Xi(27r, -a) = -^{y{7T, -a) - y{2'K, a)) 

so Xq,Xi e E. Moreover for (6*, a) G [0,27r] x [-7r,7r], 

Xo(^,a) + e*^Xi(e,a) = 

Xo{2e,a)+e^^Xi{2e,a) if 0g[O,^] 

Xo(2(^-7r),-Q) + e*''Xi(2(^-^),-a) if ^£[^,2^] 

i(y(6',a) + y(6' + 7r,-a) +y(6i,a) -y((9 + 7r,-a)) if 6lG[0,7r] ^ 
\{y{e-T:,-a) + y{e,a)-y{e-^,-a)+y{e,a)) if 0e[7r,27r] 

i.e. (/9 is surjective. 

c) If A is Moebius's band then the assertion is obvious so assume A is Klein's 
bottle. The winding numbers of 

[0,27r] — ><C, a I — > x(0,a) 
[0,27r] — ><D, a I — >x{2T:,a) 

are equal by homotopy, but their sum is equal to 0. Thus these winding numbers 
are equal to 0. The paths and a on A generate the homotopy group of A. 
Thus the winding number of x on any path of A is and the assertion follows. 

d) The winding number of 

is and the assertion follows from c). 

e) The assertion follows from d) and Proposition 13. 1 . H b) . 

f) The assertion follows from b), d), Proposition 12.2.2] ai ^ 02, and Propo- 
sition 13.1.11 c) . I 
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3.2 T := Z2 X Z2 



PROPOSITION 3.2.1 Xei &e a unital C*-algebra and let a, b, c be the three 
elements o/(Z2 x Z2)\{(0,0)}. Put 

A := { (a,/3,7,e) G {Un E'f | = 1^ } 

and for every g <E A and a £ {Un E'^)^ denote by fg and ga the functions 
defined by the following tables: 





a 


b 


c 


a 


Pi 


7 


P 


b 


£7 


£07 


a 


c 


efi 


ea 


a/3 



9a 


a 


b 


c 


a 


a' 




07/3* 


b 


a/37* 




/37a* 


c 


07/3* 


/37a* 


7^ 



a) fg^TiTii X Z2 , for every q£ A and the map 

A-^J^{Z2XZ2,E), Q^fs 

is bijective. 

b) ga £{5\ \ A G A(Z2 x Z2 , -B) } for every a G {Un E'^f' and the map 

(C/n^")^^{(^A| AgA(Z2 X Z2,£;)}, a ^ g^ 
is bijective. 

c) The following are equivalent for all g := (q;,/3,7, e) G A and g' : 
(a',^',y,e')GA- 

ci) S{fg) ^sS{fg>). 

C2) £ = e' and there are x,y, z E Un E'^ with 

X = pp , y = aa ■j^ , z = aa pp . 
C3) £ = s' and there are x, y G Un E*^ with 

X = pp , y = aa 77 . 

d) The following are equivalent for all g := (a,^,7,£ G A) and X G S{fg) 
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t G Z2 X 




d2) t £ Z2 X Z2 ^ eXt = Xt. 

e) The following are equivalent for all g := (a,/3,7,e G A) and X G S{fg): 
ei) X G Sif.r. 

e2) t £ Z2 X Z2 ^ eXt = Xt £ E^. 

f) For Q := (a, /?, 7, e) G ^ and X,Y £ S{f,), 

(X*)o = XI , {X*)a = P*7*X: , {X*), = ea*^*Xl , {X*% = a*f3*X* , 

{XY)o = XoYo + p-/XaYa + ea-fXhY, + afSX.Y, , 
{XY)a = XoYa + XaYo + aX,Y, + eaX.Y, , 
{XY)h = XoYh + (3XaY, + XbYo + epX.Ya , 
(XY), = XoY, + -fXaYb + ejXbYa + X.Yq . 



g) Assume K =(D, let cr{E^) be the spectrum of E^, and for every 6 £ E^ let 
5 he its Gelfand transform. Then 



a) is a long calculation. 

b) is easy to verify. 

ci =^ C2 By Proposition 12.2.21 an =^ ai there is a A G A(Z2 x Z2 , i?) with 
fg = /e"^A. By b), there is a cr := {x,y,z) G {Un E^f with fg = f^ig^. We get 
e = e' and 



C7{Va) 



{ e^^ I G M, e^'^^ G } , 

{ e*^ I G ]R, e^^^ G a7(<^(£^')) } , 
{ e^'' I G M, e^^^^ G ^P{a{E^)) } . 



aa = X yz , 



fjfj'* = xy*z 



77 = xyz 



It follows xyz = aa'* /3/3'*jj'* so 



x2 = /3/3'*77' 



y = aa 77 



2 o 01 

z = aa pp 
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C2 =^ C3 is trivial. 

C3 ^ C2 If we put z := xyy*^' then 

2 /o /o/* /* *2 /2 /* /o /o/* 

z = pp 77 aa 77 7 7 = aa pp . 

C2 =^ ci follows from b) and Proposition 12.2.2] ai 02- 

d) follows from Corollary 12.1.241 b). 

e) follows from Corollary 12. 1 . 241 cl . 

f) follows from Theorem 12. 1.91 c).g). 

g) follows from f). ■ 

COROLLARY 3.2.2 We use the notation of Proposition l3.2. 1] anrf take g := 
(a,/3,7,e) G A. 

a) Assume e = Ie and there are x,y G Un E with = /37,y^ = 07. Put 
z := xy7*. 

ai) x,y, z £ Un E'^ , z^ = a/3. 

a2) For every X, fJ, £ { — 1, 1} the map 

V'A.M : <S{fg) — > E , X I — > Xo + XxXa + nyXf, + XfizXc 

is an E-C*-homomorphism. 
a^) The map 

S{fg) -^E\ X^ i^i^iX, ^1,-iX, 

is an E-C*-isomorphism. 

h) Assume IK := IR , e = 1^;, and there are x,y £ Un E with 

x^ = — /37 , y^ = a'y , {resp. y^ = —07) . 
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Put z := xyj* . Then x,y,z G Un , = —af3 (resp. z^ = a(3), and 
the maps 



S{fe) {Ef, X ^ {XQ+ixXa+yXb+izXc,XQ+ixXa-yXb-izXc) 
S{fg) {Ef, X ^ (Xo+ixXa+iyXh-zXc, Xo+ixXa-iyXb+zXc) 

o 

are respectively E-C*-isomorphisms (where E denotes the complexifica- 
tion of E). 

c) Assume IK := ]R, e = —1e, cind there are x,y £ E'^ with = — /37 , y'^ = 
a^. Put z := xy7*. Then x,y,z E Un E^, z^ = —af3, and the map 

S{f,) ^H^E, X^Xo + ixXa + jyXb + kzX, , 

where i,j,k are the canonical units of H, is an E-C*-isomorphism. 

d) If £ = —1e o-nd there is an x € Un E^ with x^ = a/3 then for every 
6 G Un E^ the map 



Sif,) E2,2, X 

is an E-C*-isomorphism. 



X^ + xX, 7(5*(/3X, -xXb) 
5{Xa + xl3*Xi,) Xo - xX, 



The proof is a long calculation using Proposition 13.2.1] f) . I 

Remarks, d) is contained in Proposition I3.2.3] c). An example with e = 1e 
but different from a) is presented in Proposition 13.3.21 



PROPOSITION 3.2.3 We use the notation of Proposition K2A\ and take 



a) Let if : S{fg) — t- £'2,2 an E-C*-isomorphism and put 



At Bt 
Ct Dt 



for every t G Z2 x Z2 \ {(0,0)}. Then e = -1e, At,Bt,Ct,Dt € E"" and 
At + Dt = for every t G Z2 x Z2 \ {(0, 0)}, and 

Al = p*-i*Aa , Al = -a* 7* A , Al = a*fi*A, , 
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B* = p*^*Ca , Bl = -a*j*Ct, , B* = a*p*C, 



C J 



Al + BaCa = l3-f, Al + BbCb = -aj , Al + B^Cc = a/3 , 
Al = p^{lE-\Ba\^), Al = -a^{lE - \Bi,\^) , Al = ap{lE-\B,\^), 
2AaAb + BaCb + BbCa = , 2AbAc + B^Cc + B^Cb = , 

2A,Aa + BcCa + BaCc = , 

aAa = AbAc + BbCc , aBa = AbB^ - A^Bb , aC„ = AcCb - AbCc , 
PAb = AaA^ + BaCc, PBb = AaBc - AcBa , PCb = A^Ca -AJJ^, 
-fAc = AaAb + BaCb , = AaBb - AbBa , ^Cc = AbCa - AaCb , 

\Aa\ + \Ab\ + \Ac\ ^ , \Ba\ + \Bb\ + \Bc\ + S.lij . 

h) Let {At)t^T, {Bt)teT, {Ct)t&T, {Dt)teT be families in satisfying the 
above conditions and put 



X' := AaXa + AbXb + AcXc , X" := BaXa + BbXb + BcX, 



C ! 



X := CaXa + CbXb + CcX, 



c 



for every X G S{fg). If e = —\e then the map 

S{f,)^E2,2, X^ 

is an E-C*-isomorphism. 



Xo + X' X" 
X'" Xo - X' 



c) Let e = —1e and assume there is an x £ E'^ with = 13^. Let y G Un E'^ 
and put z := 7*xy. Then x,y, z & Un E^ and the map 



^:S{f,)^E2,2, X 



Xq + xXa a{yXb + zXc 
-jy*Xb + Pz*Xc Xo-xXa 



is an E-C*-isomorphism such that 



1 




In particular (by the symmetry of a,b,c), if e = —1e and if there is an 
X e E'^ with x"^ = ^7, or x^ = —a'y, or = aP then S{fg) k^e -E^2,2- B 
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Remark. Take g := {IeAeAej-'^^e), q' ■= (Is, Is, t'; -l^)- By c), 
<S{fe) <S{fg') and by Proposition EXH ci ^ C2, S{fg) <S{fg') implies 
the existence of an x S Un with = 7'- 

COROLLARY 3.2.4 We use the notation of Proposition[3X3] and take E := 
IK, a = 1, and f3 = ^ = e = —1. Let S be a group, F a unital C*-algehra, 
g G J^{S, F), and 

h:{{S x{Z2f) X (5x (Z2)2)) ^f/nF^ ((^i, ti), (^2, ts)) ^ 

fe{ti,t2)g{si,S2) . 

a) he F{S X (Z2)2,F). 

h) S{h)^S{g)2,2, II (5)2,2. 

By Proposition 13.2.31 c) . S{f) ~ IK2,2; so by Proposition 12.2.11] c).e). 
S{h) « K2,2 ® S{g) « 5(5)2,2 , (/l) « ]K2,2 ^ (g) « cSy.y (5)2,2 . ■ 

EXAMPLE 3.2.5 i.eiIK:=(D and F := C(T,C). 

aj W^ii/i the notation of Proposition 13.2.1] if q := (a, /3, 7,-1) G ^ then 
S{fe) ~E E2^2- 

b) Cardi{S{f ) I /G.F(Z2 x Z2 , F) } / ^5) = 16. 
Put 

m := w{a) , n := w{fi) , p := ^(7) , 

where w denotes the winding number. By Proposition [2]2]2] ai =^> 02, we may 
assume a = z™, (3 = z", 7 = . 

a) If n + p is even then the assertion follows from Proposition 13.2.51 c). If 
n + p is odd then either m + p or m + n is even and the assertion follows again 
from Proposition 13.2.31 c). 
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b) follows from Proposition 12.2.2] a).c). I 

Remark. Assume K := ]R and let E be the real C*-algebra C(T,(D) ([CI] 
Theorem 4.1.1.8 a)), e = -Ie, 

a:T — )'(D, zi — >z, 

7 : T — > (D , z I — > z , 
and Q := (a,/3,7,e). Then by Corollary c) , « H ^. 

EXAMPLE 3.2.6 We put E := C(t2,(D), 7 := 1^;, 

a:T^ — >(C, (21,22)1 — ^21, /3:T^ — ^C, (2:1,22)1 — ^22, 

and (with the notation of Proposition 13.2.1] ) g := (a, /3, 7, — 1^;) G A. 

5(/g) is not commutative and not E-C*-isomorphic to -^2,2- 
b) If we put 

x:T2 — >(C, (21,22)1 — >x{zl,z^) 
for every x G E then the map 



Sif,)^E2,2, X 



Xq + al3Xc pXa - aXb 
l3Xa + aXfe Xo - aPXc 



is a C*-isomorphism. 

C) E2,2 W S{fg) iiE E2,2- 



a) By Proposition 13.2.11 d). S{fg) is not commutative. Assume S{fg) 
£^2,2 and let us use the notation of Proposition 13 . 2 .3] a) . 



Step 1 {Aa / 0} C {Ab = 0} 
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Assume {Aa / 0} n {A / 0} / 0. By Proposition [3X3] a), 

2AaAb + BaCb + BbCa = 0, B*,=/3*Ca, Bl = -a*Ci 
so Ba ^ and Bb ^ on this set. We put 

Aa =: |^a|e'^% Ab =: |A|e*^^ B, =: |i?a|e'''% Sfe =: |i?^>|e'''^ 

zi =: e^^S Z2 =: e^'^ 
with ia, Ab, Ba, Bb G IR- By Proposition [3X3] a), 2Aa = 02, 2Ab = 6*1 + vr, 

BaCb + BbCa = -a^BaBl + l3^BbBl = (e*(^2+^^-^'^) - e^(^i+^-^'')) = 

= 2|i?J|i?,| sin(^^ + - Ba)e'^^ . 
Since 2AaAb = —{BaCb + BbCa) there is a /c S Z with 

= h {2k + llvr 

2 2 2 ^ ' 

which is a contradiction. 

Step 2 {A„ ^ 0} C {^c = 0} 
The assertion fohows from Step 1 by symmetry. 

Step 3 {Aa / 0} = {Ab = vie = 0} 
The assertion fohows from Steps 1 and 2 and from \Aa\ + \Ab\ + \Ac\ 7^ 0. 

Step 4 The contradiction 
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By Step 3 and by the symmetry, the sets {Aa / 0}, {Ah / 0}, and {Ac / 0} 
are clopen and by + + |^c| 7^ their union is equal to T^. So there is 
exactly one of these sets equal to which implies 

AI = Z2, or AI = -z\ or = 2:12:2 

and no one of these identities can hold. 

b) is a direct verification. 

c) follows from a) and b). I 

3.3 r := (^)" with n e IN 
EXAMPLE 3.3.1 Assume f constant and put 

n 

( s| t) := J](-1)«W*» 

i=l 

for all s,t G T (where Z2 is identified with {0, 1} ) and 

for all t £ T. Then the map 

if : S{f) -^E^\ {'ftX)t^T 
is an E-C*-isomorphism. 

For r,s,t € T, 

t + t = 0, {s\t) = {t\s), {r + s\ t) = {r\ t) { s\ t) , 

{r \ s + t) = {r \ s) {r \ t) . 
For t G r and X,Y £ S{f), by Theorem [2X9] c) ,g) , 

vt{x*) = Y,{t\ s){x*)s = Y.{t\ s){Xsr = {vtxr, 
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r,seT q,reT 
= ^ {t\q)XrYg-r = ^{t\q)iXY)g = <ptiXY) 

q,reT qeT 

SO (ft and ip are £'-C*-homomorphisms. 

We have 

teT 

We want to prove 

teT 

for all s € T, s / 0, by induction with respect to Card{ i G INn | s{i) / 0}. 
Let i G INn with s{i) ^ and put r := s + e^, 

To := { i G T I = } , Ti := { i G T I = 1 } . 

Then 
But 

if r = 0. By the hypothesis of the induction 

J2{r\t) = J2{r\t)=0 

teTo ten 

if r 7^ (with JNn replaced by INTn \ {i}, since r{i) = 0). This finishes the proof 
by induction. 

For r G T and X G S{f), by the above, 

Y,{r\t)iptX= {r\t){t\s)Xs= {r + s\t)X,= 
teT s,teT s,teT 

ser\{r} t&T teT 
Hence ip is bijective. I 
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EXAMPLE 3.3.2 Let E :=C(T",(D), denote by z := {zi,Z2,--- , Zn) the points 
of T", and put := (zf , z\, - ■ ■ , z^ for every z G T". We identify (Z2 )" with 
*P(]N„) hy using the bijection 

q3(]N,) ^ (ZsT, I^ei 

and denote by 

lAJ := (/\ J)U(J\/) 
the addition on *P(]Nn) corresponding to this identification. We put Xj := Yl Zi 
for every I C IMn and 

f : ^(INn) X q3(INn) ^ C/n E^ (/, J) ^ A/nJ • 

Then f G J^((Z2 )",£') and, if we put 

X := ^ A7(z)X/(z2) G ^ 

/or every X G i/ie map 

ip:S{f)^E, X^X 
is an isomorphism of C*-algebras. 

Let X,y E By Theorem [2X1 c) ,g) , 

X*=Y, XjiX*)iiz')= A,Afx|=l, 

ICTNn /ClNn 

= ^ AjAftfAjpi^Xjlft: = ^ XjXkXjYk = XY 

SO is a C*-homomorphism. 

We put for keJNn,ie Z", and / C INn, 
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and 



Let 



and for every / C INn put 

Xi := • • • 4% X := (X, ® 1k)Vi . 

Then ipX = x and so Q C Since Q is dense in E, it follows that 99 is 

surjective. 

We prove that ip is injective by induction with respect to n G Ev[. The case 
n = 1 was proved in Example I3.1.4I Assume the assertion holds for n — 1. Let 
X € Kertp. Then 

Xj{z)Xj{z^)=0. 

/ClNn 

By replacing Zn by —Zn in the above relation, we get 

\j{z)X,{z')- Yl Xi{z)Xi{z') = 

/ClNn-i ne/ClNn 

and so 

Y Xi{z)Xj{z')= >^i{z)Xj{z') = 0. 

/ClNn-i ne/ClNn 

By the induction hypothesis, we get Xj = for all / C INn and so X = 0. Thus 
ip is injective and a C*-isomorphism. I 



EXAMPLE 3.3.3 Let f G T{{Z2f,E), put 

a := (0,0,1), 6:= (0,1,0), c := (0, 1, 1) , s:= (1,0,0), 

and denote by g the element of J- {7,2 ,E) defined by g{l, 1) := f{s,s) Proposi- 
tion 13.1.11 a) . 
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a) There is a family (aj ,j3i,^i ,ej)jg]N7 in {Un E^)'^ such that f is given by 
the attached table and such that ef = 1e for every i G IN7 and 

£3 = £i£2 , £5 = £i£4 , £6 = £2£4 , £7 = £i£2£4 , 
03 = £2£4aia2"4a672 > "5 = a6/3i72 , = 047172 , 
h = /3i7i72 1 /^s = £2ala6/3i , Pi = £i£2£4aia2"47i72 > 
/35 = e4Qia2a6 , /^e = £4aia2"6/3i72 ; /^t = £i£2£4aia2«6 , 
73 = £2a4a67i , 74 = £2£4a2a47l72 , 75 = £i£4a2a67i , 
76 = £4020672 , 77 = £i£2£4a2a4/5i • 



/ 


a 


b 


c 


S 


a + s 


b + s 


c + s 


a 


/5i7i 


71 


/3i 


72 




73 


/33 


b 


£i7i 


£iai7i 


ai 


74 


75 


/?4 


/35 


c 


£i/3i 


eiQ!i 




76 


77 


/37 


/36 


s 


£272 


£474 


£676 


£2^272 


02 


04 


06 


a + s 


£2/^2 


£575 


£777 


£202 


02/32 


07 


05 


b + s 


£373 


£474 


£777 


£404 


£707 


£30373 


03 


c + s 


£3/33 


£5/55 


£6/^6 


£6/^6 


£505 


£303 


03/33 



6j // El = — Ie, £2 = £4; 71 = ^E, 0-nd there is an x £ E'^ with = ai/3J' 
then there are P± G {E(^lKTnPrS{f) withP++P- = V/ and (Theorem 
I2.2.18l b)l 

P+S{f)P+ S{g) P-SU)P~ ■ 

c) If El = —1e, £2 = £4 = 71 = 1_B; o,nd there is an x £ E^ with x"^ = ai/3| 
then S{f) ^e <S {9)2,2- 

d) Assume Si = —1e, £2 = £4 = oi = /3i = 71 = 1^;, 72 = 02, and 
a2 = = oq = Ie and put 

^± ■■ S{f) E2,2 , X ^ 

Xo + Xc± Xs ± Xc+s Xa — Xb± a2Xa+s =F OllXb+s 

Xa + Xiy± a2Xa+s ± 04X^+3 Xq — Xs^ X^+s 

Then the map 

S{f) E2,2 X ^2,2, X ^ {ip+X, ip^X) 

is an E-C*-isomorphism. 
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a) is a long calculation. 

b) and c) follow from a) and Theorem 12.2.181 e). 

d) is a long calculation using a). I 

3.4 T ■=1^ with n G IN 
PROPOSITION 3.4.1 Put A := Un E" and for every a G A""^ put 

n I (^n^^j ' 

where and INn are canonically identified and a„ := 1e- 

a) For every f G F{Z^,E) and X G S{f), X G S{fY iff Xt G for all 
t GT. In particular, S{f) is commutative if E is commutative. 

b) fa G J-"(Zn ,E) for every a G A^~^ and the map 

is a group isomorphism. 

c) The following are equivalent for all a,/3 G A'^~^. 

ci) ^sSifp). 

C2) There is a ^ £ A such that 

n-l 

= J](a,/3;). 

C3) There is a X G A{Za , E) such that fa = fp5\. 

If these equivalent conditions are fulfilled then the map 
Sifa)^S{fp), X^UlXUx 
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is an S -isomorphism and 

n-l 



p-1 



d) Let a G A" ^ and put 



n-l 



n < 

^ \k=l 



n-l 



if j <n-l 
if 3 =n-l 



Then a and j3 fulfill the equivalent conditions of c). 
e) There is a natural bijection 

{<?(/) I feTi7.^,E)}/^s^A/{x^\ xeA} 
IfE := C(T™,C) for some m G IN then 

Card{{S{f) I /GJ^(Z„,E)}/«i5) = mn. 

n-l 

/; Let a e PeA such that ^" = U. "j; 



F := 



E if IK=C 
E if JK = JR 



where E denotes the complexification of E, and 



j=i \i=i J 

for every k € lNn(= Zn). 
fi) // IK = (D then the map 

is an E-C*-isomorphism. 
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/2 j // K = IR and n is odd then we may take /3 G IR and the map 
is an E-C*-isomorphism. 

n-l 

/aj If JK = M,, n is even, and Y\ ctj = — 1 then the map 

3=1 

S{fa) — y {EY^, X I — > (w;fc_iX)fceiNn 

■3 

is an E-C*-isomorphism. 

n-l 

fi) //K = ]R, n «s even, and Y\. = 1, and P = 1 then the map 

Sifa) ^ E X E X {E)^-\ X ^ {wnX,wnX,{wkX)keTN. J 

is an E-C*-isomorphism. 
/sj If n is even then there is a ^ E A such that fa{^, f ) = 7^- 



EXAMPLE 3.4.2 Let E := C(T,<D), r G Z"-^ z : T ^ € the canonical 
inclusion, and 

(p+q-l 9-1 

, , , , , ^•=- ^ = 1'' 

where and Es[n are canonically identified. Then f G Zn , i?) . Let further S 

n-l 

be the subgroup of Z^ generated by p{ ^ rj), where p : Z — )• Zn is the quotient 

j=i 

map, 

m := Card S , h := — , a; := e " , 

m 

n—l p—1 

a:JNn — > 7, , p\ — > ^^rj - m'^rj , 

^ 3=1 j=i 



and 



^f^:S{f)^E, X^J2(XpOz^) 

p=i 
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for every k G INh- Then the map 
is an E-C*-isomorphism. 



The next example shows that the set { S{f) \ / G Zn , C(T,(D)) } is not re- 
duced by restricting the Schur functions to have the form indicated in Example 
[3X21 



EXAMPLE 3.4.3 Let E := C(T,C) and geF{Z^,E). Put 

n-l 

where we take a fixed (hut arbitrary) branch of log. If we define 

r : lNn_i — > Z , 7 i — > < e^2n 

\ ^f j^l 

then there is a X £ A{Z^,E) such that g = f5X, where f is the Schur function 
defined in Example 13. 4. 2L In particular S{f) S{g). I 



3.5 r:=Z 

EXAMPLE 3.5.1 Let f £ T{Z,E). 

a) 5|,.|j(/)«.C(T,i?). 

b) If E is a W*-algebra then 

Sw{f)-E^L^{fi)^L^{f,,E), 
where ^ denotes the Lebesgue measure onT. 



136 



By Corollary 11.1.61 c) and Proposition 12.2.21 ai =^ 02, we may assume / 
constant. By Proposition 12.2.10] c).e). we may assume E := (D. Let a : T — t- (D 
be the inclusion map. Then 

is an isomorphism of Hilbert spaces. If we identify these Hilbert spaces using 
this isomorphism then Vi becomes the multiplicator operator 

so 

Tie's. 

is an injective, involutive algebra homomorphism. The assertion follows. I 



4 Clifford Algebras 
4.1 The general case 



Throughout this subsection I is a totally ordered set, (Tj)jg/ is a family 
of groups, and (/Oie/ ^ D ^{Ti,E). We put 

t:={iel \ k^U} 
for every t G Tj (where Ij denotes the neutral element of Tj) and 



tel[Ti 



t is finite | , T' := { t £ T \ = l} . 
An associated / G J-'{T,E) will be defined in Proposition 14. 1 . T] b) . 



T is a subgroup of H ^i- canonically associate to every element t G T 
in a bijective way the "word" U-i^U^ • • • where 

{k,i2,- ■ ■ ,in} = t and h < i2 < ■ ■ ■ < in 
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and use sometimes this representation instead of t ( to 1 G T we associate the 
"empty word"). 

PROPOSITION 4.1.1 

a) Let ti^ti^ ■ ■ - tin be a finite sequence of letters with ti^ € Tj^ for every 
j G Mn and use transpositions of successive letters with distinct indices 
in order to bring these indices in an increasing order. If r denotes the 
number of used transpositions then (—1)^ does not depend on the manner 
in which this operation was done. 

b) Let s,t gT and let 

SiiSi2 • • • Si^ , ' ' ' ^i'n 

be the canonically associated words of s and t, respectively. We put for 
every k G I, Sk '■= Si- if there is a j G INm with k = ij and s^ := 1^ if the 
above condition is not fulfilled and define t in a similar way. Moreover 
we put (Proposition II . 1 ."21 a) ) 

f{s,t) := i-irl[fk{h,ik), 
k&I 

where r denotes the number of transpositions of successive letters with 
distinct indices in the finite sequence of letters 

SiiSi2 • • • Si^ti'^ti'^ ' ' ' 

in order to bring the indices in an increasing order. Then f G J~{T, E) . 

c) Let Iq be a subset of I, Tq the subgroup {t G T \ t C Iq} of T, and /o 
the element of J-(To, E) defined in a similar way as f was defined in b). 
Then fo = /|(To x Tq) and the map 

iMI ^ il-ll 
5|i.|j(/o) ^iXt0lK)v/' ^ ^iXmK)v/ 

teTo teTo 

is an injective E-C**-homomorphism with image 

{XGS{f) I {tGTkXt^O)^tGTo} . 
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a) We define a new total order relation on the indices of the given word by 
putting for all j, k £ INn 

ij -< ik :<;=^ {{ij < ik) or {ij = ik and j < k)) . 

Let P be a sequence of transpositions of successive letters in order to bring the 
indices in an increasing form with respect to the new order and let r' be the 
number of used transpositions. Then r — r' is even and so (—1)^ = (—1)^ • 
By the theory of permutations (—1)^ does not depend on P, which proves the 
assertion. 

b) By a), / is well-defined. Let r,s,t E T and let 

be the words canonically associated to r, s, and t, respectively. There are 
a,/3 G {— 1,+1} such that 

/(r, s)/(rs, t) = a /(fj, Si)f(f~Si, U) , 

f{r,st)f{s,t) = l3Y[fi{ri,Siti)f{si,ii) . 

Write the finite sequence of letters 

'^11^12 ■ ■ ■ ri^Si'^Sii^ ■ ■ ■ Si>Ji,dq ■ ■ ■ till 

and use transpositions of successive letters with distinct indices in order to bring 
the indices in an increasing order. We can do this acting first on the letters of r 
and s only and then in a second step also on the letters of t. Then a = (— 1)^, 
where denotes the number of all performed transpositions. For (3 we may start 
first with the letters of s and t and then in a second step also with the letters 
of r. Then /3 = (— 1)*^, where v is the number of all effectuated transpositions. 
By a), a = (—1)'^ = (—1)'^ = P- The rest of the proof is obvious. 

c) follows from Corollary 12 . 1 . 1 7l d) . I 



COROLLARY 4.1.2 /// := IN2 then for all s,teT, 

fl{si,ti) if S2 = I2 

fis,t)={ /2(s2,t2) if h = U 

-fl{si,tl)f2{s2,t2) if S2/l2,il/ll 
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PROPOSITION 4.1.3 Let s,t£T. 



so 



a) f{s,t) = [-l)Card{sxt)-Card(snt)j^^^gy 

b) St = ts iffVsVt = (^-l)Card(sxt)-Card{snt)y^y_^^ 

c) Assume s Ct. If Cards is even or ifCardt is odd then f{s,t) = f{t,s). 
If in addition st = ts then VsVt = VtVs- 

d) If Card I is an odd natural number and T is commutative then Vt G S{fY 
for every t € T with i = I. 

e) Assume t £ T' . If n := Cardi and a := Yl fi{ti,ti) then 

f{t,t) = (-l)^a , f{t) = (-l)^a* , 

o n(n — l) . — • n(n — 1) . — • 

{Vtf = (-l)^(a$DU)Vi , V: = {-l)^{a*(^lK)Vt . 
a) For z G s, 

/ {-lf''"''f{t,Si) if i^t 

f{s,t) = ^-lfardisxt)-Card{snt)ji^^^^^ _ 



b) By Proposition [2X2] b), 

VsVt = (/(S, t)^lK)Vst , VtVs = {f{t, s)®lK)Vts . 

Thus if st = ts then by a), 

VsVt = {{f{s,t)f{t,sY)^lK)VtVs = {^-lfard{-sxt)-Card{snDy^y^ 

Conversely, if this relation holds then by a), 

Vst = {f{s,tr^jiK)VsVt = (-i)^'^'^'^(^"><*>^'^'-'^(^"™")(/(t,srgu)v;T4 

= {f{t,sy®iK)VtVs = Vts 

and we get st = ts by Theorem 12.1.91 a) . 
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c) follows from a) and b). 



d) follows from c) (and Proposition 12 . 1 . 2] d) ) . 

e) We have 

/(M) = (-l)("-^)+-+^+^a = (-l)^a. 
By Proposition [2T2]b),e), 

o . — ■ Tifn — 1) , — • 

[Vtf = {f{t,t)®lK)Vi = {-l)^{amK)Vi , 

~ nin — l) . — . 

Vt* = fit)Vt-i = f{t,trvt = i-i)^ia*^iK)Vt . m 

PROPOSITION 4.1.4 Let S be a finite subset of T' \ {1} such that st = is 
and Card (s x t) — Card (s n t) is odd for all distinct s,t £ S and for every 
t £ S let at,£t ^ Un and Xt £ E be such that 

4 = 1e, (F,)' = (a,glA-)Fi , X;=a,X,, 

t&s 

a) 

P ■■= \vi + Y,{{etXt)®lK)Vt G Pr S{f) , 

tes 

Vi-P = Wi + Y,i{-^tXt)0lK)Vt G Pr Sif) . 

tes 

b) If s £ S and fi £ such that = and 0^ = Ug then P is homotopic 
in Pr S{f) to 

a) By Proposition 14. 1 .3] b).e). 
P* = + Y.^{etX*a*)^lK)Vt = \vi + Y,ii^tXt)®lK)Vt = P , 
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tes tes 

+ ^ {ie,etXM^lK){V,Vt + VtVs) = 
a,tes 

teS t&S 

= \vi + ^{\Xt\^^lK)Vi + ^{{etXt)^lK)Vt = P . 
tes tes 

b) Remark first that P G Un E'^ and put 

Y:[0,1]-^EI, u^{\lE-u'^\Xt\y^, 

teS 

Z : [0, 1] ^^ P*esY{u) , 

Q : [0,1] ^S{f), u^^Vi + {Z{u)^1k)Vs+ J2 ((«£t^t)§M^t 

tes\{s} 

For u e [0,1], 

teS\{s} 

so by a), Q{u) G PrS{f). Moreover 

Q(0) = ^(V^i + {iP*es)^lK)Vs) , Q(l) = P . 



COROLLARY 4.1.5 Let s,teT'\ {1}, s^t, st = ts, as, at. Eg, St G Un E" 
such that 



ei = ei = lE, {VsY = {aiQ;)lK)Vi , {VtY = {at<^lK)Vi , 
and put 

Ps ■■= liVi + i{ssal)^lK)Vs) , Pt := ^iVi + ((£ta*)§U)Vt) . 
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a) Ps,Pt G P^<S{f); we denote by PgAPt the infimum of Ps and Pt in S{f)+ 
(by b) and c) it exists). 

b) If VsVt / VtVs then P. A = 0. 

c) IfVsVt = VtVs then Ps A Pt = PsPt G PrS{f). 

a) follows from Proposition 12.1.20] b =^ a. 

b) By Proposition 11X3] b), VsVt = -VtVs. Let X G with X < Ps 
and X < Pt. By [CI] Proposition 4.2.7.1 d ^ c, 

X = PsX = ^X + ^{{esa:mK)VsX , 

X = {{esa:)^lK)VsX = {{eseta:at)0lK)VsVtX = 
= -{{eseta:al)^lK)VtVsX = -X 
so X = and Ps A Pt = 0. 

c) We have PsPt = PtPs so PsPt € PrS{f) and P,Pt = Ps A Pt by [CI] 
Corollary 4.2.7.4 a bkd. ■ 

COROLLARY 4.1.6 Let m,n G IN, INm+n C /, (ai)ie]N„ G [Un E'')'^ , and 

for every i G Mm let ti G T' with U := INn U {n + i} and titj = tjti for all 
i,j G INm- If for every i G INm, 

iVt,f = ia^'S)lK)Vi 



then 



For distinct i,i G INm, 

Card (tj X ij) - Card {U n tj) = (n + 1)^ - n = n(n + 1) + 1 
is odd. For every i G INm put Xi := j^^Oi*. Then 

= -^a, = X* , = -Ll^ , = ll^ 



and the assertion follows from Proposition 14. 1 .4] a) . 
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THEOREM 4.1.7 Let n £ IN such that INr2n is an ordered subset of I, S := 
{t£T\ t C ]N2n-2}, g ■■= f\{S X S), a,beT such that = h'^ = 1, 

a = ]N2„_i , h = IN2n-2 U {2n} , i G IN2n-2 ^ a.-, = h , 

Cl! : Z2 X Z2 — )• T the (injective) group homomorphism defined by cj(l,0) := a, 
a;(0, 1) := b, ai := f{a,a), a2 ■= f{b,b), /3i,/32 £ Un such that aiPf + 
"2/31 = 0, 

X := ^((/3iilA')K + (/32ilx)Vfe) , P+ := X*X , P_ := XX* . 
VFe consider S{g) as an E-C**-subalgebra of S{f) (Corollary 12 . 1 . 1 7] e) ) . 

a) ab = ba, 7^ = —0^02- We put c := ab = uj{l, 1). 

b) X, Vc, P± G sigy. 

c) We have 

P± = \{yi ± {^®Ik)Vc) G PrS{f) , P+ + P_ = Vi , = 0, 

= 0, XP+ = X, P_X = X, P+X = XP_ = 0, X + X* G C/n S{f ) . 

d) The map 

E^P±S{f)P±, x^P±{x01k)P± 

is an injective unital C**-homomorphism. We identify E with its image 
with respect to this map and consider P±S{f)P± as an E-C**-algebra. 

e) The map 

^± ■■ S{g) P±S{f)P± , Y ^ P±yP± = P±Y = YP± 

is an injective unital C**-homomorphism. If Yi,Y2 G Un S{g) then 
ip+Yi+y,^Y2 G UnSif). 

f) The map 

^:S{f)^S{f), Z^(X + X*)Z(X + X*) 
is an E-C**-isomorphism such that 

11;-'= ij, V(^+5(/)P+) = P-cS(/)P_ , ^o<^+ = (^_, i;o^_=^+. 
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IfYi,Y2eS{g) then 

cp+Yi + ^_Y2 = {<p+Yi + ip_Vi)i;{^+Y2 + (p-Vi) . 

g) IfpePrSig) then 

(xi^+pYixi^+p)) = ^+p, {x{<p+p)){x{^+p)r = <p_p . 

h) Let R he the subgroup {l,a, 6, c} ofT, h := f\{R x R), d E T such that 
d = lN2n-2 o,nd di = ai for every i G ]N2n-2; o,nd 

a:=f{d,d), a':=/2„-i(2n-l,2n-l), a" := /2n(2n, 2n) . 

Then ai = aa' , 02 = aa" , —a'a" = (0*7*)^, 



h 


a 


b 


c 


a 


aa' 


a 


a' 


b 


— a 


aa" 


~a" 


c 


-a' 


a" 


-a'a" 



is the table of h, P± G PrS{h), and the map 



(p:S{h) — > £'2,2 , Z 



Zq + Y'Zc aa'Za-a-i*Zf, 
Za + a'*-i*Zi Zq - 7*Zc 



is an E-C**-isomorphism. In particular 



Ie 





Ie 



and E2,2 is E-C**-isomorphic to an E-C**-subalgebra of S{f). 

i) Assume I = ]N2n and T2n-i = T2n = Z2 . Then T ^ S x Z2 x Z2 , <f± is 
an E-C*-isomorphism with inverse 

P±S{f)P± S{fo), Z ^ 2 ^ (Z„ ® 1k)Vu , 

ueTo 



andS{f) «E 5(3)2,2 
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a) is easy to see. 

b) follows from Proposition 14. 1 .3] b) . 

c) follows from a) and Theorem 12.2.181 b).h). 

d) follows from Theorem 12. 2. 181 c). 

e) By b) and c), the map is well-defined. The assertion follows now from 
Theorem [2X18] d),h). 

f) follows from b),c), and Theorem 12 . 2 . 1 81 hi . 

g) follows from b) and Proposition 12.2.171 d). 

h) follows from c), d), Proposition 13.2.1] a). Corollary 13.2.21 d). and Propo- 
sition 13.2.31 c) . 

i) follows from Theorem 12.2.181 f) . I 

PROPOSITION 4.1.8 We use the notation and the hypotheses of Theorem 
14.1.71 and assume I := IN2, Ti := Z2 , and T2 := with m G IN. 

a) a = (1, 0), h = (0, m), c = (1, m), a = Ie, ol = a\ = /i(l, 1), ol' = 02 = 
/2(m, m), and 

P±S{f)P± = { {x01k)P± I xeE} . 

b) If m = 1 then there are a,f3,'y,6 G Un such that f is given by the 
following table: 



f 


(0,1) 


(0,2) 


(0,3) 


(1,0) 


(1,1) 


(1,2) 


(1,3) 


(0,1) 


a 




7 


-Ie 


—a 


-/3 


-7 


(0,2) 


P 




a 7 


-Ie 


-/3 


-a*/37 


—a 7 


(0,3) 


7 


a 7 


P*l 


-Ie 


-7 


—a 7 


-^7 


(1,0) 


Ie 


Ie 


Ie 


5 


6 


5 


6 


(1,1) 


a 


/? 


7 


-5 


—a6 


-(36 


—j6 


(1,2) 


/3 


a*/37 


* 

a 7 


-5 


-135 


-a*(3-f6 


—a*^6 


(1,3) 


7 


a* 7 


/3*7 


-S 


—75 


-a*'y6 


-(3*^6 
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c) We assume IK := (D and m := 1 and put for all j, k G {0, 1} 

fj^k : — > E, Z I — > Zo + {-iyZi, + i^Z(^k,i) - «^%,3) , 

(f) ■■ S{f) — > E'^ , Z I — > {fo,oZ, (po,iZ, LpifiZ, (fi^iZ) . 
If we take a := f3 := 'j := —6 := /3i := '■= in h) then the map 

S{f) E2,2 X E\ Z 

is an E-C**-isomorphism. 

a) Use Corollary 14. 1 .21 and Proposition 12. 1 .2] b) . 

b) Use Proposition 13.4.11 a) and Proposition 14.1.11 

c) follows from b) and Proposition [33?T]/i. I 

4.2 A special case 



Throughout this subsection we denote by S a totally ordered set, put 
T := (Z2)*-'^\ and fix a map p : S ^ Un E'^. We define for every 
se S, fse F{Z2,E) by putting /^(l, 1) = p{s) ( Proposition EXH a)). 
Moreover we denote by fp the Schur function / defined in Proposition 
HXUb) (with I replaced by S) and put ei{p) := S{fp). 



Remark. If S := IN2 then T = Z2 x Z2 so Cl{p) is a special case of the 
example treated in subsection 3.2. With the notation used in the left table of 
Proposition 13.2.1] this case appears for a := (1,0) and b := (0.1) exactly when 
e = -1e, a = -p{b), /3 = p{a), and 7 = 1e- 

LEMMA 4.2.1 ^f{S) endowed with the composition law 

^f{S)x ^f{S) %(5), (A B) ^ AAB := {A\B)U{B\ A) 

is a locally finite commutative group (^Definition I2.1.18|) with as neutral ele- 
ment and the map 

^f{S)^T, A^eA 
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■^0 + ^(1,2) -^(1,0) - 



z. 



(1,0) 



Zb Zq — Z| 



(1,2) 



is a group isomorphism with inverse 

T ^^f{S), x^{se S \ x{s) = 1 } . 

We identify T with ^f{S) by using this isomorphism and write s instead of {s} 
for every s £ S. For A, B £ T, 

fpiA,B) = i-ir n p(')' 

s&AnB 

where r is defined in Proposition 14.1 .li b). I 

PROPOSITION 4.2.2 Assume S finite and let F be an E-C*-algebra. Let 
further {xs)s&s be a family in F such that for all distinct s,t £ S and for every 

y&E, 

XgXt = -xtXs , x\ = p{s)\f , a;* = p{s)*Xs , XsV = yxg . 

Then there is a unique E-C*-homomorphism if : Cl{p) — )• F such that ipVg = 

Xs for all s £ S. If the family I H ) ^-^ E-linearly independent (resp. 

\s(^A J Acs 

generates F as an E-C*-algebra) then (p is infective (resp. surjective). 
Put 

ipVA := XsiXs2 ■■■Xs^ 
for every A := {si, S2, • ' ' > •Sm}, where si < S2 < ■ ■ ■ < Sm, and 

^■.Cl{p)^F, X^^X^^Fa. 

Acs 

It is easy to see that {ipVs){ipVt) = ip{VsVt) and y ipVg = {ipVs)y for aU s,t £ S 
and y £ E (Proposition l2. 1.21 b)). Let 

A := {si,S2, • • ■ ,Sm} C S , B := {ti,t2, - ■ ■ ^tn} C S , {ri,r2, • • • ,rp} := AAB , 
where the letters are written in strictly increasing order. Then 

{(PVa){^Vb) = XsiXs^ • • • Xs^Xt^Xt2 ■■■Xt„ = fp{A, B)Xr^Xr2 ' ' ' = 
= fp{A^B)ipVAAB = ^{{fp{A,B)^lK)VAAB) = V^lKll^ij) , 
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{^VaY = x*^ ■ ■ ■ x*^x*^ = (-1) 2 •••x*^ = 

m ( m — 1 ) -| — |- 771 ( m — 1 ) -| — |- 

by Proposition 14. 1 .3] e) . 

For X,Y £ Cl{p) (by Theorem Ejri]c),g)), 

(V9X)((^y) = [ Xa^Va] ( YBipVB] = Yl XAYB{ipVA){ipVB) = 

= J2 XaYbv{VaVb)= XAYBfp{A,B)^VAAB = 

A,BeT A,BeT 

= Y XAYAAcfp{A,AAC)^Vc = Y{Y1 fpiA,AAC)XAYAAc] ^Vc = 

= YiXYh^Vc = v{XY) , 

{^xy = Y m^VAT = Y nviVAT = 

AeT AeT 

= Y fp{AnX*)Afp{A)ipVA = YiX*)AVVA = ip{X*) 
AeT AeT 

(Proposition 14.1^ e)) i.e. if is an £'-C*-homomorphism. The uniqueness and 
the last assertions are obvious (by Theorem 1 2 . 1 . 9 1 a) ) . I 



PROPOSITION 4.2.3 Let m,nG JNU {0}, S := INsn, S' := INsn+m, K' 



p' : S' ^UnE\ 
and Ai := AU {2n + i} for every A C S and i G IN 



pis) if s £ S 

affp{S) if s = 2n + i with i £ ]N„ 



a) iG^^^ fp,{Si) = af , (y|')2 = (a2 ^ 
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b) P := ly;' + E K* ^ e PrC/(/,')- 

There is a unique injective E-C*-homomorphism ip : Cl{p) — t- PCl{p')P 
such that 

^Vf = PV/P = PVf = Vf'P 

for every s £ S. 
d) If m £ IN2 then (p is an E-C*-isomorphism. 

a) By Proposition 14. 1 .3] e) . 

/pK5.) = (-ir(2"+i) 

Kf 

b) follows from a) and Corollary 14.1.61 

c) By Proposition 14. 1.3] c) . for s £ S, Vg, = Vg, for every i £ INm so 
y/p = pv/. By b), for distinct s,t £ S (Proposition |lX3]b)), 

{PVf'){PVf) = PVf'vf = -PVfvf = -{PVf){PVf) , 

{PVff = P{V/f = P{p'{s) $5 Ik')v/ = {p{s) $5 Ik')P, 

[Pvff = P(yfy = P(p'(sr iK')Vf' = (pis) iK'TPYf' . 

By Proposition 14.2.21 there is a unique i?-C*-homomorpliism ip : Cl{p) — )■ 
PCl{p')P with the given properties. 

Let X £ Cl{p) with ipX = 0. Then 

0= Iy,{Xa®Ik')v(\p = 
Vacs / 

= \Y.{XA®lK')vi + ^ E Y.^XA®lK')fAA^Si)viAs. 

Acs '^"^ ielNm Ac5 

and this implies Xa = for all A C S" (Theorem 12 . 1 . 91 a) ) . Thus 99 is injective. 
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{-lT'^^''-^^\{p{sAaff,{Sr=af, 

sdS J 



(af ® Ik')V.' . 



The case m = 1 



Let Y G PCl{p')P. Then (by Proposition [2X2] b)) 

ACS' 



AA + 

Acs 



Acs 



SO 



YA = alfp,{Su{SAA),)Y^SAA)^ 
YA,=alfp,{Si,SAA)YsAA 

for every A C S. If we put 

X ■.= 2Y,{Ya(^Ik)V^(^CI{p) 

Acs 

then 



Acs 

= Y,iYA(^ Ik')v( + {ialfASuSAA)YsAA) ® 

Acs Acs 

Acs Acs 
Thus (f is surjective. 

The case m = 2 



Let y G PCl{p')P. Then 

r y = py = ly + ^((a* ® + K ® 

\y = YP=\Y + ^Y{{al ® lK')vi + (a*2 ^ > 
V2y = {a\(^lK')V^'Y + {al®lK')VP'Y = (a* l^^O^^s,' + ("2 ® 1/ 



151 



For every B C S put 
Ba := BU{2n + l} , B^ := B\j{2n + 2} , B^ := B\j{2n + 1 , 2n + 2} . 
Then 

BcS BcS 

+ E mjAs,,B,)) ® uo^('5AB). + E i{yBjASi,B,)) ® ikO-^sab), , 



= ^((yB/p'(52,B))®lxO^('sAB),+ E((^^'^/p'(^2,i?a))^li^0^("5AB)^ 
+ E ayBJAS2,B,)) ® li,0^5AB + E ((yBJAS2, Be)) ® li^')V(^5AB)„ ' 

^< = T.((^BfAB,S^))®lK')V('s^^^^ + Y,{{YBJABa,Sl))®lK')V^'^B + 

BcS BcS 

+ E ii^BJABb, Si)) ® l/f')^('5AB). + E HYbJABc, Si)) ® 1k')V^("5AB), ' 



SC5 BcS 



= E (i^BfAB, S2)) ^ lif')V(^5AB), + E ii^BJABa, S2)) ® ')^('sAi?),+ 

BcS BcS 

+ E (i^BjABb, S2)) ® UOV^SAB + E HYbJABc, S2)) ® U')^('5AB)„ ' 

BcS BcS 

V2r = ^ iialYBjp'iSi,Ba) + alYBjAS2. B,)) ® li^')^SAB+ 

BcS 

+ ^ (Kys/pK-?!, B) + «^yBjp'('52, iJc)) ® li^')^('5AB)„ + 
BcS 

+ Y,{{(^lYBJASuBc)+ct2YBfAS2,B)) ® 1X')^(^SAB),+ 
BcS 

+ {{alYBjASuB,) + a*2YBJAS2,Ba)) ® 1k')^("sab). ' 

BcS 

V2Y=J2 {{o^lYBjp'iBa, Si) + alYBJABb, S2)) ® li^')^5AB + 



BcS 
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BcS 

+ {{alYBJABc, Si) + alYsfAB, S2)) 1k')V^'sab) + 

BcS 

+ Y {{alYBJABb, Si) + a*2YBJABa, S2)) U')^("5AB). • 

BcS 

It follows for BcS, 

V2Yb^ = alYsABfp'iSAB, Si) + a*2Y^sAB)Jp'iiSAB)„ S2) , 

V2Yb, = alY^sAB)Jp'{{SAB),, Si) + a^YsABfp'iSAB, S2) , 
V2Yb^ = alY^sAB)Jp'{Si, (SAB),) + a*2Y^sAB)Jp'{S2, {SAB)a) 
= alY^sAB)Jp'iiSAB),,Si) + alY^sAB)Jp'iiSAB)a,S2) , 
so by Proposition I4.1.3] a).b). Yb^ = 0. If we put 

X ■.= 2YiYB(S)lK)V^eCl{p) 

BcS 

then 

V BcS J 

= J^Ci^B Ik')v^' + ^ 5;(KYB/p'(i?,5i)) U0<AB- 

BCS ^ BcS 

^l^Y^{a\YB!AB.S2))®\K')yiAB^ 



BcS 

and so for B C S, 



{^X)b = Yb , {ipX)B^ = —alYsABfp'iSAB, Si) = Yb^ , 



1 

V2' 



i^X)B, = ^alYsABfp'iSAB, S2) = Yb, , (<^X)b. =0 = Yb^. 



1 

Thus (fX = Y and 99 is surjective. 



Remark. If m = 3 then ip may be not surjective. 
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PROPOSITION 4.2.4 Lei K := IR, n G IN U {0}, S := INgn, and 

I TAT TT T^r f «/ S e S 

p' : ]N2n+i ^ ?7n E^ ^ / ^ ^ . ■ 

I -fp{S) if s = 2n + l 

O 

Let Cl{p) be the complexification of Cl{p), considered as a real E-C*-algeb ' 
([CI] Theorem 4.1.1.8 a)) by using the embedding 

o 

o 

Then there is a unique E-C*-isomorphism p : Cl{p') — t- Cl{p) such that ipVf 
iyi 0) for every s £ S and 

V>vC = iO,-{fp{S)(^lK)Vsn. 

We put 



Xq . - 



(y/, 0) if sgs 

{0,-{fp{S)CSlK)V^) if s = 2n+l ■ 



For s G S, by Proposition 14. 1 .3] b) . 

XsX2n+i = {Vf,om -ifpiS) 1k)VP) = (0, -ifpiS) lK)VfVs') = 

= (0, ifpiS) iKWs'Vf) = (0, ifpiS) Ci) lK)VP){Vf,0) = -X2n+lX, . 

By Proposition [2X2] b),e), 

4n+l = {-{ifpiS)^lK)Vs^f,0) = 

= i-ifpiSf ^ lK){fp{S,S) ® 1k)V;,0) = ip\2n + 1) ® IrW^^O) , 

= (0, ifpiSy » lK){fp{S) » = (p'(2n + 1)* » U)x2n+1 , 

and the assertion follows from Proposition 14.2.21 



154 



PROPOSITION 4.2.5 Let n e IN U {0}, S := JN^, S' := lNn+2, K' 
P{^{S')), ai,a2 G UnE^, and 



p' : S' ^ Un E" , < 



{ p{s) if seS 
a\ if s = n + 1 
—a^ if s = n + 2 



a) There is a unique E-C*-isomorphism ip : Cl{p') Cl{p)2,2 such that 
for every s E S and 



Vf 

-vf 



vV^'+i = (ai ® Ik) 



b) 



v,^ 

Vf 



' = ("2 <8) Ik) 



-V,' 

Vf 



^2(< + (K"2)®1k')<+i,„+2}) 







vf 



a) Put 



Xc .- 





-vf 



^0" 

vf 



for every s G and 

Xn+i ■■= {ai ® Ik) 
For distinct s,t e S and z G 

XsXt = -xtXs, x^g = {p' (s) <Si Ik) 



, Xn+2 ■■= ("2 ® Ik) 













5 x*s = {p'{s)^1k)*Xs, 



vf 



Xs^n+i = -Xn+iXs , X^+j = (/9'(n + z) (g) Ift-) 

<+i = (yo'(w + i) ® , Xn+i a:;„+2 = -Xn+2 Xn+i ■ 



y,' 
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By Proposition 14.2.21 there is a unique £'-C*-homomorphism 99 : Cl{p') 
C-l{p)2,2 satisfying the given conditions. 

We put for every A d S and i G E^2 

\A\:=CardA, Ai := A\J {n + 1} , ^3 := A U {n + 1, n + 2} . 
For AdS, 



ifV^^ = (ai (g) Ik) 







(-i)i^iy^ 


















y'A 



(-i)i^iyj' 



^Va^ = («2 ® 

= {a-i ® \k) 
ifVi = ((aiaa) ® Ik) 



(-i)i^ivj' 



-^0" 

y; 



(-i)i^iv;^ 



y^ 



(-i)i^iyj' 






















-(-i)i^iy^ 



= ((0102) ® Ix 
Then for Y G C/(p'), 

f {vY)u = E ((^A + («i«2)1a3) » 

Acs' 

('/'^)21 = E (-l)l^l)((«li^Ai + 02X42) ® ^k)V^ 
Acs 

It follows from the above identities that (p is bijective. 
b) By the above, 

'^<+l,n+2} = ^y,i = ® [ f _lrP 

and the assertion follows. 
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COROLLARY 4.2.6 Letm,nelNU {0}, S := ]N„, (a^ieMa^ e {Un E^ f"^, 
and 

Then Cl{p') C/(p)2'",2™- H 



PROPOSITION 4.2.7 Let m := M, n £ N U {0}, 5 := INan, 5" := ]N2n+2, 
ai,a2 G Un E^, and 



p' : S' ^ Un E" , s 



p{s) if s e S 

-affp{S) if s = 2n + l with Z G INs 



Then there is a unique E-C*-isomorphism ip : Cl{p') — t- Cl{p) ® H such that 

( y/®lH if seS 

^Vf = \ (((ai/p(S)) ® 1k)VP) ®i if s = 2n + l , 
( {{{a2fp{S))^lK)V^)0j if s = 2n + 2 

where i,j,k are the canonical unitaries of H. 



Put 

y/^iH if s£S 

Xs-=l {i{aifp{S))(^lK)V^)^i if s = 2n + l . 
. {{{a2fp{S))0lK)V^)^j if s = 2n + 2 

For distinct s,t £ S and I £ M2, by Proposition 14. 1 .3] b) . 

XsXt = -xtXs, = li^)(V0^ «) 1h) , X* = (g) 1a')*Xs , 

XsX2n+l = -X2n+lXs, X2n+lX2n+2 = i{iaia2fpiS))'S>lK)V^)<^k = -X2„+2a^2n+l , 

ix2n+i? = iiiaffpiSf) lK)ifpiSr ® 1k)V;) (-1h) = 

= ip'i2n + l)0lK)%'0lu), 

{X2n+ir = {{{alfpiS)*) ® lK){fpiS) ® Ik)Vs') ® -(i or i) = 

= {p'{2n + li^)*X2„+/ . 

By Proposition 14.2.21 there is a unique £'-C*-homomorphism ip : Cl{p') — )■ 
Cl{p) ® H satisfying the given conditions. 
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For X G Cl{p'), 



\AcS ) 
+ ( E ((^Au{2n+2}a2/p(S)/,(^, 5)) ® \K)V'st.A\ ® i+ 



+ E(^^^U{2n+l,2n+2}aia2/p('S')) l/f)^"^ ] <8) A; 



and so is bijective. 



PROPOSITION 4.2.8 Xei n G IN U {0}, S := INsn, := AU {2n + 
every A C 5, 



p' : S' ^UnE\ s 



pis) if seS 
f{S) if s = 2n + l ' 



P± ■■= liv/ ± ^5')' ande±: Q) ^ ^ Q) E defined by 

Acs AcS' 

{O^Oa := -^U , {e±OA' := ±^fp{SAA, S)CsAA 

for every ^ G Q) E and A C S. 
Acs 



a) 

fpiS') = 1e , {V^. f = V/ , P± G PrClip'r , 
h) For Ac S, 

f.iAsy = fAs',Ay = fp,{s',{SAAy) . 
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c) e±eCE{ CD ^, CD E) and for r]^ Q) EandAcS, 

Acs ACS' ACS' 

ieir^)A = ^iVA± fpiA, STtj^saa)') = V2iP±r^)A • 

d) 9±6± is the identity map of CD 

Acs 

e) e±ei = p±. 

f) For every A d S, 

g) For every closed ideal F of E the map 

if : Cl{p, F) — > P±Cl{p\ F)P± , X ^ e±X9*^ 
is an E-C*-isomorphism with inverse 

p±ci{p', F)p± Clip, F), y ^ oiYe± 

and the map 

%b : Clip , F) ^ Cl{p, F) X Cl{p, F) , 

{eiP+YP+0+, 0*_p^YP^e-) = {e+Y9+, evYO.) 

is an E-C*-isomorphism. 
a) By Proposition [3X3]d),e), V^,' G Cl{p'y, 

fp.{s') = J] p'[sr = ( n^(«)* ) P (2^+ 1)* = 1 

sCS' \sCS J 

{v^'T = fp'is'w^' = ys' ' iys'f = fisyv;' = v;' , 

so 

P± G Pr Cl{p'f , VP',P± = ±P± . 



b) By a), Proposition 14. 1 .31 c) .d) . Proposition l4.1.1l b). and Proposition!! 

b), 

fpiA,sr = fp,iA,sr = fp,iA,s'r = 
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fpiS', A)* = fp,{S', {SAAy)~fp,{S') = fp>{S', (SAA)') 



c) For e e Q E, 

Acs 



{0^\V)=Y1 ^^^^^ ± E vl'^fpiSAA, S)^sAA 
ACS ^2 V2 



Ac5 Acs 

= E ^(^A±/p(A5)*r/(5AA)')*eA 
AcS^^ 

soOe Ce{ CP -E, CP -B) and 

Acs ACS' 

{e*rj)A = ^iVA± fp{A, SrrnsAAy) ■ 

By a) and b), 

{P±v)a = IvA ± If AS', {SAA)%sAAy 



^{r,A ± fp{A, SYviSAAy) = ^(^±^)a ■ 



d) For ^ G CP -E^ and AcS,hy c), 

Acs 

{9ie±0A = -^m)A ± UAsneOiSAAy) 
= ku + fp{A, syfpiA, s)u) = u ■ 



e) For ?7 G CP ^ and Ac S,hy b) and c), 
AcS' 

ie±eiv)A = ^{9lv)A = iP±ri)A 
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ie^eiv)A' = ±^fpiSAA,s)ieirj)sAA = 

±^USAA, S){r^sAA ± fpiSAA, 5)*r?^0 = ±^/p(5A^, S)r^sAA + \riA' 



= \{riA' ^ fAS' ^SAA)'nsAA) = \ 

so e±e*^ = p± 



-iVA' ± fp'{S',SAA)rjsAA) = ::{{V; v)a' ± {Vs',v)a') = {P±v)a' , 



f) For T] £ Q) E and B C S,hy a),b),c),e) and Proposition 14. 1 . ll b) (and 

BCS' 

Corollary EXIT] e)), 

{V^P±r])B = fp'{A,AAB){P±rj)AAB = fp{A,AAB){e±eiri)AAB = 

= -^fp{A,AAB){eir^)AAB = -^{vplv)B = {e±v^eir^)B , 

{0±Vpl7^)B' = ±^fp{SAB,S)iVplv)sAB = 

= ±^fp{SAB,S)fp{A,SAAAB){9lr])sAAAB = 

= ±f,iSAB,S)f,iA,SAAAB)iP^r])sAAAB = ±fp{SAB,S){v(P^ri)sAB = 
= ±fp,iS',S'AB'){V^P±rj)s'AB' = ±{V^',V^P±v)b' = 
= ±{V^V^:P±v)b' = {v(P±ri)B' 

so by a), 



g) The assertion concerning (p as well as the identity in the definition of ip 
follow from a),d),e), and f). Thus is a. surjective £'-C*-homomorphism. For 

Y G Kerip, 

eiYe+ = e*_Ye^ = o, 

so by a) and e), 

P+Y = P^Y = 

and we get 

Y = P+Y + P^Y = 
i.e. ip is injective. I 
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isomorpliism, (Definition 
02]). 
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0, ^X, 0, E (Definitionim]). 
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'^L,'^!, (DefinitiondXl]). 
lii, Ft, V/ (DefinitionEXU). 
ipst^^t (Definition l2.1.5p . 
W),5(/),5c(/),5h/(/),5|,.|,(/), 

S{f,F), 5||.||(/,F) (DefinitionEXT]). 
Locally finite, &t (Definition[2JJ^ . 
Ux (DefinitionEXI]). 
5-isomorphism, (Proposition \2.272\ 

a)). 

5(F), (Definition EXU. 
5(v?) (Proposition [2X2]). 
T (DefinitionETl]). 

w{x), winding number of x (Definition l3 . 1 . 5 P . 
/p, Cl{p) Box of subsection 4.2. 
^3/, A (DefinitionlMl]). 
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